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CHAPTER 1

Minimal Logic

One of our goals is to study program extraction from proofs. We shall
cover the theoretical foundations of the subject, but also try to gain some
practical experience. For the latter we will make use of the system MINLOG.

MINLOG is intended to reason about computable functionals, using mi-
nimal logic. It is an interactive prover with the following features.

Proofs are treated as first class objects: they can be normalized
and then used for reading off an instance if the proven formula is
existential, or changed for program development by proof transfor-
mation.

To keep control over the complexity of extracted programs, we fol-
low Kreisel’s proposal and aim at a theory with a strong language
and weak existence axioms. It should be conservative over (a frag-
ment of) arithmetic.

MINLOG is based on minimal rather than classical or intuitionistic
logic. This more general setting makes it possible to implement
program extraction from classical proofs, via a refined A-translation
(cf. [8]).

Constants are intended to denote computable functionals. Since
their (mathematically correct) domains are the Scott-Ershov par-
tial continuous functionals, this is the intended range of the quan-
tifiers.

Variables carry (simple) types, with free algebras as base types.
The latter need not be finitary (so we allow e.g. countably branch-
ing trees), and can be simultaneously generated. Type parameters
(ML style) are allowed, but we keep the theory predicative and dis-
allow type quantification. Also predicate variables are allowed, as
placeholders for formulas (or more precisely, comprehension terms).
To simplify equational reasoning, the system identifies terms with
the same normal form. A rich collection of rewrite rules is pro-
vided, which can be extended by the user. Decidable predicates
are implemented via boolean valued functions, hence the rewrite
mechanism applies to them as well.

Acknowledgements. The MINLOG system has been under develop-
ment since around 1990. My sincere thanks go to the many contributors:
Holger Benl (Dijkstra algorithm, inductive data types), Ulrich Berger (very
many contributions), Michael Bopp (program development by proof trans-
formation), Wilfried Buchholz (translation of classical proof into intuitionis-
tic ones), Laura Crosilla (tutorial), Matthias Eberl (normalization by eval-

uation),

Dan Hernest (functional interpretation), Felix Joachimski (many
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2 1. MINIMAL LOGIC

contributions, in particular translation of classical proofs into intuitionistic
ones, producing Tex output, documentation), Ralph Matthes (documenta-
tion), Karl-Heinz Niggl (program development by proof transformation),
Jaco van de Pol (experiments concerning monotone functionals), Martin
Ruckert (many contributions, in particular the MPC tool), Robert Stark
(alpha equivalence), Monika Seisenberger (many contributions, including
inductive definitions and translation of classical proofs into intuitionistic
ones), Klaus Weich (proof search, the Fibonacci numbers example), Wolf-
gang Zuber (documentation).

1.1. Natural Deduction

The system we pick for the representation of proofs is Gentzen’s natural
deduction, from [19]. Our reasons for this choice are twofold. First, as
the name says this is a natural notion of formal proof, which means that
the way proofs are represented corresponds very much to the way a careful
mathematician writing out all details of an argument would go anyway.
Second, formal proofs in natural deduction are closely related (via the Curry-
Howard correspondence) to terms in typed A-calculus. This provides us not
only with a compact notation for logical derivations (which otherwise tend
to become somewhat unmanagable tree-like structures), but also opens up a
route to applying the computational techniques which underpin A-calculus.

1.1.1. First Order Languages. For first order languages we use the
standard language containing —, A, V, 3 as primitive logical operators. We
assume countably infinite supplies of individual variables, n-place predicate
(or relation) symbols (constants or variables) for all n € N, symbols (again
constants or variables) for n-ary functions for all n € N. 0-place predicate
symbols are also called propositional symbols. 0-argument function symbols
are also called (individual) constants. The language will not, unless stated
otherwise, contain = as a primitive.

Atomic formulas are formulas of the form Rt; ...t,, R a predicate sym-
bol, t1,...,t, individiual terms. For formulas which are either atomic or L
we use the term prime formula.

We use certain categories of symbols, possibly with sub- or superscripts
or primed, as metavariables for certain syntactical categories (locally differ-
ent conventions may be introduced):

x,1, z,u, v, w for individual variables;

f, g, h for function symbols;

¢, d for individual constants;

t, s, r for terms;

P, Q for atomic formulas;

R for predicate symbols;

A,B,C,D, E, F for arbitrary formulas in the language.

We introduce abbreviations:
-A =A— 1,
A< B:=(A— B)N(B— A),

392 A = -Vz—=A (the classical existential quantifier).
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In writing formulas we save on parentheses by assuming that V, 3, = bind
more strongly than A, and that in turn A binds more strongly than —, <.
Outermost parentheses are also usually dropped. Thus A A—-B — C'is read
as ((AA(=B)) — C). In the case of iterated implications we sometimes use
the short notation

A1—>A2—>...An_1—>z4n for Al%(AQ%(An_l—)An))

To save parentheses in quantified formulas, we use a mild form of the dot
notation: a dot immediately after Va or dz makes the scope of that quantifier
as large as possible, given the parentheses around. So Vz.A — B means
Vz(A — B), not (VxA) — B.

We also save on parentheses by writing e.g. Rxyz, Rtotits instead of
R(z,y,z), R(to,t1,t2), where R is some predicate symbol. Similarly for a
unary function symbol with a (typographically) simple argument, so fx for
f(z), etc. In this case no confusion will arise. But readability requires that
we write in full R(fx, gy, hz), instead of Rfxgyhz.

1.1.2. Natural Deduction. We give an inductive definition of deriva-
tion terms in Table 1.1.2, where for clarity we have written the corresponding
derivations to the left.

Notice that we have left out the standard connectives 3 and V, although
they could easily be included, with the rules given below. The reason for
this omission is that for simplicity we want our derivation terms to be pure
lambda terms formed just by lambda abstraction, application, pairing and
projections. This would be violated by the rules for 4 and Vv, which require
additional constructs.

In spite of this omission we can use 3 and V in our logic, if we allow
appropriate axioms as constant derivation terms, e.g. for 3

EI;;A: V. A — dxA
Jpap: A — (Vo.A— B) - B

with the usual proviso = ¢ FV(B). For V we could introduce similar axioms;
however, we do not do so here, since in the presence of e.g. the booleans we
can define V from 3 via

AVB:=3p.(p=t— A AN(p=1f— B).

Notice that there is one price to pay in this approach: derivations in
normal form are not as normal as they could be. In particular, in the
presence of the constants EI; 4 and EI;} AB the subformula property clearly is
weaker than than it would be with the 3, V-rules and permutative conversion:
permute an elimination immediately following an 3, V-rule over this rule to
the minor premise.

1.2. Embedding Classical and Intuitionistic Logic

In minimal logic all propositional symbols play the same role. We now
distinguish a special propositional symbol: |, to be read “falsum”. We then
obtain classical and intuitionistic logic by allowing appropriate additional
assumptions.
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derivation term
u: A u?
| M | N
A B . <MA,NB>A/\B
— A~ n AN
ANB
| M | M
AAB _ AAB _ (MA/\BO)A (MA/\Bl)B
A B
[u: A]
| M (/\UAMB)A—>B

| M | N
A—B A (MAZENA)E
-
B
| M
A\Vz A :
Ay, (with var.cond.) (AxM)7*4 (with var.cond.)
Yz A
| M
VoA o (MVxAt)A[x::t]
A=t] ¥

TABLE 1.1.1. Derivation terms for A, — and V

1.2.1. Ex-Falso-Quodlibet and Stability. To obtain intuitionistic
logic we use as additional assumptions the ez-falso-quodlibet formulas Efqp
for every predicate symbol R different from L:

VZ.1 — R7. (Efqp)

Similarly one obtains classical logic by allowing for every predicate symbol R
different from L the principle of indirect proof as an additional assumption,

i.e. the formula
V. —~—RI¥ — R, (Stabg)
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derivation term
| M Iz A
¢ Alz:=t] I (H;;AtMA[z::t}) «
dz A
[u: A
| M | N

(MF=A(uA . NB)) B (var.cond.)

dzA B 3-4 (var.cond.)
B
| M | M AVB AVB
A+ B+ (VIo,sMA) ™2 (Vi aMB) ™
AvB °  AvB !
[u: A]  [v: B]
| M | N | K (MAVB (A NC B KC))©
AV B C C V-
o U, v

TABLE 1.1.2. Derivation terms for 3 and V

this formula is also called stability of R.
Notice that with L for R¥ both formulas are trivially derivable; e.g. for
stability we have ==L — | = ((L — 1) — 1) — L. The derivation is

vi(L—1)— L1

u: L

+
L1 U

L

Efq := { Efqy | R predicate symbol # L },
Stab := { Stabp | R predicate symbol # L }.

We call the formula B classically (intuitionistically) derivable and write
Fe B (F; B) if there is a derivation of B from stability assumptions Staby4
(ex-falso-quodlibet assumptions Efq,). Similarly we define classical (intu-
itionistic) derivability from I" and write I' . B (I' F; B), i.e.

'+ B == T'UEfqF B,
I'-.B <= T'UStabt B.

LEMMA (Ex-falso-quodlibet). F; L — A for every formula A.
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PrOOF. By induction on A we construct for every formula A a derivation
Dy of L — A. Case A atomic formula. Use Efq,. Case AN B.
D A DB
1= A u: L 1l —-B u: L
A B
ANB
1 —+AANB

—tu
Case A — B.
Dp
1l — B u: L
B
A— B n
1 sA-B U

Da
1A u: L
A
Ve A n
1T oved U

Da
1> A u: L
x A
Jz A n
T dzA4 U
This concludes the proof. 0

LEMMA (Stability). For every formula A without 3, . =—A — A.

Case Yz A.

Case JzA.

PRrROOF. Induction on A. In the constructed derivations we omit (for
brevity) the introductions at the end. Case A atomic formula. Use Stab,.

Case ANB. Use - (-—A —- A) - (-——B — B) - -—~(AAB) - AAB,
which can be derived easily from - ——=(A A B) <+ (-—A A =—=B) (Exercise:
derive the latter formula).

Case A - B. Use - (--B - B) - -=(A —- B) - A — B. A
derivation is

uy: A— B w: A

uy: B B
7J_ —>+UQ
v —|—|(A—)B) ﬂ(A—)B)
_l’_
u: =B — B —5 "

B
Case Yz A. Clearly it suffices to show - (-=A4 — A) - ——=VzA — A. A

derivation is

ug: Vo A x
Ui : —-A A
L +
v: 7z A —Vz A B
+
u: 0A —> A -—A e
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This concludes the proof. 0
LEMMA. TFA=THFH AandT'H A=TF. A.

ProOF. It suffices to show . Efqy. This can be seen as follows; for
brevity assume R to be unary.

Ve.——Rx — Rx x u: L

+yR
—-——Rx — Rx —Rz Y ’
Rx n
1> Rr +u
v
V.l — Rx
This concludes the proof. 0

Note that neither of the two implications can be reversed. Counterex-
amples are

/1 —P but ;L — P
i ((P—-Q)—P)—P, but +.((P—>Q)—P)— P

Apart from t4 (P — Q) — P) — P the proofs are easy. However, to
prove the non-derivability of the Peirce formula ((P — Q) — P) — P in
intuitionistic logic requires a more careful study of intuitionistic derivability.

LEMMA (Proof by cases). . (A — B) A (mA — B) — B.
PROOF. Let C abbreviate (A — B) A (A — B)

u: C
A— B v: A
w: B B
u: C L

~A— B AV

w: B B
DStab 1 +
-—-B —- B -—-B —w
B
where Dsqap, is a derivation provided by the Stability Lemma.. 0

1.2.2. Equivalence. Call two formulas A and B equivalent in minimal
(classical, intuitionistic) logic if - A <» B (k. A <> B, F; A <+ B).

LEMMA (Equivalence). Let b€ {F,Fi Fe}. Then bpie Ar < Ag and
By is obtained from By by replacing one subformula A1 of By by As, then
we also have b, B1 < Bs.

PROOF. Induction on By. If all of B; had been replaced, the claim is
obvious. Otherwise B} must be a composed formula.

Case Cy A Dy. Assume the replacement takes places in C7. We have to
show Fpe C1 A Dq < Co A Dy, —:

D CiANDq
C1 — Cy 1 Ci1ANDq
Co D,
Cy A Dy

where D is known by induction hypothesis. < is proved similarly.
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Case C7 — Dq. Assume the replacement takes places in C7. We have
to show |_mic (Cl — Dl) — (CQ — Dl). —:

D
CQ—>01 u:CQ
Cl—>D1 Cl
D,
e — +
02 — D1 U

where again D is known by induction hypothesis. < is proved similarly.
Assume now that the replacement takes places in Di. We must show k.
(Cl — Dl) 4 (Cl — Dg) —

D Ci— Dy u: Cq
D1 — DQ Dl
D, B
C1 — Dy o

where again D is known by induction hypothesis. < is proved similarly.
Case Vx(C1. We must show ;. VaC1 < Vo Cy. —:

D VJ/‘Cl X
Cl — Cz 01
Co
\V/SUCQ

where again D is known by induction hypothesis. Observe that D does not
contain free assumptions. < is proved similarly.
Case dxCq. Similar. 0

1.3. Glivenko’s Theorem

As an illustration of what can be done in intuitionistic propositional
logic we prove Glivenko’s theorem, which says that every negation, which is
a classical tautology, can be derived intuitionistically.

1.3.1. Valuations.
LEMMA. (A — B) — (-A— B) - —=—B.

PROOF. Assume —B. Then —A, hence B, hence L. 0

For o € {0,1} let

e A ifo=1
-A ifo=0

A wvaluation v is a mapping from propositional variables into truth values,
which are taken here to be 0 and 1, for falsity and truth. Call a formula a
tautology if for every valuation v its truth value v(A) is 1. For x € {—, A}
let o * 7 be the truth value given by the well-known truth table for the
connective .
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1.3.2. Intuitionistic Derivability and Valuations.
LEMMA. F; A7 — BT — (A% B)7*7 for x € {—,A}.
ProOOF. Case —.

FB—-A—B
FA—-B— —-(A— B)
i " A—A— B

Case A.
FA—-B—AAB
F-A— —-(AAB)
F-B — -(AAB)
Notice that these formulas are slightly stronger than required. 0
LEMMA. Let A be a formula in propositional logic, and let P, ..., P, be

all propositional variables in A. The we have, for every valuation v,
b PP L p(Pa) Ly qu(4),
PrOOF. By induction on A. Case P;. Clear. Case A * B. Use
= AU(A) N Bv(B) N (A * B)v(A)*v(B)’

which holds by the previous lemma. 0

1.3.3. Glivenko’s Theorem.

THEOREM (Glivenko). F; =A for =A a tautology.

PROOF. By the final lemma in 1.3.2 we have, for every valuation v,
b PYPD o pr(Pe) g,

since by assumption v(—A) = 1. We show

Py)

s Pf(Pl) — = Ps( — —A  for every valuation v,

by induction on i := n — k. Base i = 0. Clear, by what we just noted. Step.

We must show
v(Pr)

R P,:f’“*l) — —A.
By IH we have
b PYED s prUen) L pe A
b PP P,ZSI;’H) — P, — -A.
Using the lemma in 1.3.1 we obtain
b PP Pgﬁk‘l) — ———A.

The claim follows from + =———A — —A. — Applying the inductively proven
claim with i = n (i.e., k = 0) yields F; = A, as required. 0
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1.4. Negative Translation

Having defined classical and intuitionistic logic out of minimal logic by
adding axioms, we next show that in fact, both logics can be embedded
into minimal logic, as long as we restrict ourselves to the language based
on {—,A,V, L}. This restriction will be in force for the rest of the present
chapter.

1.4.1. Negative Formulas. A formula A of the {—, A, V, L }-language
is called megative, if every atomic formula of A different from L occurs
negated.

LEMMA. For negative A we have F ——A — A.
PROOF. Use the Stability Lemma and F ~——Rt — —R#. O

We now define the Gédel-Gentzen (or “negative”) translation of classical
logic into minimal logic. The basic idea is to double negate every atomic
formula.

DEFINITION (Negative translation 9 of Gédel-Gentzen).
19 =1,
RtV i= ——RE,
(ANB)? = AN B9,
(A— B)Y := A% - BY,
(VzA)9  =VzAI.

Notice that A9 is the same as A for negative A.

THEOREM. For all formulas A we have
(a) Fe A+ A9,
(b) T, A iff T9+ A9, where 9 :={BY9 | BeT}.

PrOOF. (a). The claim follows easily from the Equivalence Lemma..
(b) <. Obvious. =-. By induction on the classical derivation. For a
stability assumption =Rt — Rt we have (-~—Rt — Rt)9 = -—Rt — ——R{,
and this is easily derivable.
Case —T. Assume
[u: A
D
B 4
AsB U
We have by induction hypothesis
[u: A9]
DI
BY i
AT By U
Case —~. Assume
Do Dy
A—B A
B
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We have by induction hypothesis

DY DY
A9 —» BY AY
BY
The other cases are treated similarly. 0

COROLLARY (Embedding of classical logic). For negative A,
Fo A <—F A.

ProOOF. By the theorem we have . A iff  AY9. Since A is negative,
every atom distinct from | in A must occur negated, as —Rt, and hence in
AY it appears in same form. 0

Since every formula is classically equivalent to a negative formula, we
have achieved an embedding of classical logic into minimal logic.

Note that ¥ =——P — P. The corollary therefore does not hold for all
formulas A.

1.4.2. Formulas Implying Their Negative Translation. We in-
troduce a further observation (due to Leivant; see Troelstra and van Dalen
[35, Ch.2, Sec.3]) which will be useful for program extraction from classical
proofs (cf. Chapter 6). There it will be necessary to actually transform a
given classical derivation F. A into a minimal logic derivation - AY. In
particular, for every assumption constant C' used in the given derivation we
have to provide a derivation of C9. Now for some formulas S — the so-called
spreading formulas — this is immediate, for we can derive S — 59, and hence
can use the original assumption constant.

Recall that our formulas may contain predicate variables denoted by X
which are place holders for comprehension terms, i.e. formulas with distin-
guished variables. We use the obvious notation A[X:={Z | B }| or shortly
A[{Z | B}] or even A[B] for substitution for predicate variables. Clearly
the Godel-Gentzen translation of X7 is =—X{.

Recall also that an assumption constant consists of an uninstantiated
formula (e.g. X0 — (Vn.Xn — X(n+ 1)) — VYnXn for induction) together
with a substitution of comprehension terms for predicate variables (e.g. X —
{n|n<n+1}). Then in order to immediately obtain a derivation of CY
for C' an assumption constant it suffices to know that its uninstantiated
formula S is spreading, for then we generally have - S[A9] — S[A]9 (see
the theorem below) and hence can use the same assumption constant with
a different substitution.

We define spreading formulas S, wiping formulas W and ¢solating for-
mulas I inductively.

S = L|Rt|Xt|SAS|I—S|VzS,
W = L|X{|WAW|S—W|VzW,
I = RE|W|INAI

Let S (W, Z) be the class of spreading (wiping, isolating) formulas.
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THEOREM.
- S[A9] — S[A)I for every spreading formula S,
H W[ff]g — W[ffg] for every wiping formula W,
+ I[A]g — —|—|I[/Tg] for every isolating formula I.

We assume here that all occurrences of predicate variables are substituted.
PROOF. For brevity we write S for S[A]Y and S for S[AY], and similarly
for W and I.

Case 1 € 8. We must show F | — 19. Take \utu. . .
Case Rt € S. We must show - Rt — ——Rt. Take Muf v Bt v,

Case Xt € S, with X substituted by {Z | A}. We must show - A9[t] —
A9[t], which is trivial.

Case S1 NSy € §. We must show F 51 A Sy — Sf A Sg. Take
IH u: S1 NSy IH u: S1 NSy
Sl — Sf 51 SQ — Sg SQ
it S5
ST NS
Case I — S € §. We must show - (I — S) — 9 — S9. Recall that
F —==59 — 59 by the Stability Lemma, because SY is negative. Take

IH wu: I — S wy:l
S — 59 S

IH wy: 159 S9

19— -l w19 L +

— "
Stab 1 T
59— 89 s M
59

Case VxS € S. We must show F VxS — VzS9. Take

IH u: V.S T

S — 59 S
59

Case L € W. We must show - 19 — 1. Take Au'tu.
Case Xt € W, with X substituted by { Z | A }. We must show - A9[t] —
A9[t], which is trivial.
Case Wy A Wy € W. We must show = W{ A WS — Wy A W,. Take
TH w: W{ AW TH w: W{ AW
Wy — W, wy W3 — Wy w3
W1 W2
Wi A Wsy
Case S — W € W. We must show - (89 — W9) — S — W. Take
IH
S — 89 v: S
IH u: 89— W9 S9
W9 — W w9
w
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Case VW € W. We must show - VaW9 — VaW. Take

IH w: VaW9 z
W9 - W w9
w

Case Rt € T. We must show - ——Rt — ~—R#t, which is trivial.
Case W € Z. We must show - W9 — —=W which trivially follows
from the IH - W9 — W. Take

IH
W9 - W u: W9
v: W wW
L
Case Iy N I € . We must show = I{ A I — =—(I; A I3). Take
L I
IATY i S
IH LAY (L AD) LA DL
B I T
H 1IN — —I
I§ > I, I T
1
This completes the proof. 0

Notice that the Godel-Gentzen translation double negates every atom,
and hence may produce triple negations. However, because of - =——A +
—A and the Equivalence Lemma we can systematically replace triple nega-
tions by single negations. As a guide for the implementation, we carry out
some of the details here.

Let A* (the reduced form of A) be obtained from A by replacing =-——A
by —A whenever possible. So

1* =1,
Rt* .= Rt,
(AN B)* = A" A B,

—_ * 'f A B = T/
e ¢

A* — B*, otherwise

(VzA)*  =VzA".

We simultaneously construct derivations of A — A* and A* — A.

LEMMA. (a) F A — A%,
(b) F A* — A.

PROOF. Case A prime formula. Then A* is A, and we can take Au“u.
Case VxA. (a). We must show - VzA — VxA*. Take

IH(a) u: Yz A x
A — A* A
A*
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(b). We must show + VxA* — VxA. Take
TH(b) u: Ve A* x

A*— A A*
A
Case ——=—A. (a). We must show - —-—=—A4 — (=A4)*.
v: 2A w: A
i~ A .
IH(a)
A = (mA)* 4 T
(=A4)*
(b). We must show - (—A)* — ———A.
IH(b)
(A" — -A u: (RA)*
v: A -A
L

Case A — B not of the form ———C. (a). We must show - (A — B) —
A* — B*.

IH(b)
A* — A v: A*
IH(a) u: A B A
B — B* B
B*
(b). We must show - (4* - B*) - A — B.
IH(a)
A— A* v: A
IH(b) u: A* - B* A*
B* - B B*
B
O
1.5. Notes

The proof of Glivenko’s theorem is taken form Mints’ book [28].



CHAPTER 2

Algebras

A free algebra is given by constructors, for instance zero and successor
for the natural numbers. We want to treat other data types as well, like
lists and binary trees. When dealing with inductively defined sets, it will
also be useful to explicitely refer to the generation tree. Such trees are quite
often infinitely branching, and hence we allow infinitary free algebras from
the outset.

The freeness of the constructors is expressed by requiring that their
ranges are disjoint and that they are injective. Moreover, we view the free
algebra as a domain and require that its bottom element is not in the range
of the constructors. Hence the constructors are total and non-strict. For
the notion of totality cf. [34, Chapter 8.3].

To make a free algebra into a domain and still have the constructors in-
jective and with disjoint ranges, we model e.g. the natural numbers as shown
in Figure 1. Notice that for more complex algebras we usually need many
more “infinite” elements; this is a consequence of the closure of domains un-
der suprema. To make dealing with such complex structures less annoying,
we will normally restrict attention to the total elements of a domain, in this
case — as expected — the elements labelled 0, S0, S(S0) etc.

2.1. Examples of Finitary and Infinitary Algebras

We shall consider some examples of free algebras, generated from con-
structors.

(1) The easiest example is the algebra U, which has just one nullary
constructor called Dummy. It consists of exactly one element.

(2) Almost as easy is the next example, the algebra B, which has just
two nullary constructors called tt and ff (sometimes we use True
and False instead). It consists of exactly two elements.

S(5(50))

FIGURE 1. The domain of natural numbers

15
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(3) The next example is the simplest algebra with infinitely many el-
ements, the algebra N of natural numbers. Its constructors are a
nullary constructor 0 (also written Zero) and a unary constructor
S (also written Succ).

(4) We shall also allow parametrized algebras, depending on type pa-
rameters. The simplest example is the algebra L(p) (sometimes
we use (list p) instead) of lists of objects of a given type p. Its
constructors are a nullary constructor Nil and a binary constructor
cons; the latter takes an object x of type p and a list [ and con-
structs out of these the new list obtained by putting x to the front
of I.

(5) Another important parametrized algebra is the disjoint union of
the algebras given by types p; and po. It is called (p; yplus p2)
(“y” from type), and is given by two unary constructors Inl and Inr
of types p1 — p1 + p2 and pa — p1 + p2, respectively.

(6) We also admit simultaneously generated free algebras. An example
is provided by the obvious way to simultaneously generate trees and
finite lists (of arbitrary length) of trees. The algebra tree has one
nullary constructor Leaf (taking a natural number as parameter)
and one unary constructor Branch, building a tree from a tree list.
The algebra tlist has one nullary constructor Empty and one binary
constructor Tcons; the latter takes an object ¢ of type tree and a
tree list [ and constructs out of these the new tree list obtained by
putting ¢ to the front of .

All these algebras are finitary, in the sense that every constructor takes only
finitely many arguments. Then for any two elements of the algebra we can
decide whether they are equal.

When dealing with inductively defined sets, it will also be useful to
explicitely refer to the generation tree. Such trees are quite often countably
branching, and hence we also allow infinitary free algebras from the outset,
whose constructors may take infinitely many arguments. Notice that then
equality is not decidable any more, and hence needs to be axiomatized.

For an example of an infinitary algebra, consider the countable ordinals.
They can be seen as generated from a nullary constructor 0, a unary con-
structor for the successor and a constructor building the supremum out of
a countably infinite list of ordinals (given by a function from the natural
numbers to ordinals).

Clearly the generation process of the elements of a free algebra allows
recursive definitions of functions on such algebras. For the examples above,
they have (when no parameters are present) the following form.

(1) For the algebra U we may just define
f(Dummy) = a

(2) Similarly for the algebra B we can explicitely define
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(3) For the algebra N of natural numbers we obtain the familiar recur-
sion scheme

f(0) = a,
f(S(n)) = h(n, f(n)).

(4) For the parametrized algebra L(p) we have a very similar recursion
scheme:

F(Nil) = a
f(cons(x,1)) = h(x, 1, f(1)).

(5) For the disjoint union of given types p; and ps, the algebra does not
require recursive calls, and hence the recursion scheme is simply

f(Inl(z)) = g(x),
f(Inr(y)) = h(y).

(6) Somewhat more interesting are simultaneously generated free alge-
bras. Here we may define

f(Leaf(n)) = h(n),

f(Branch(l)) = ha(l, g(1)),
g(Empty) = b,
g(Tcons(x,1)) = hs(x,1, f(x),g(1)).

2.2. Recursion, Strong Normalization

We give a predicative proof of strong normalization for terms with re-
cursion operators in a system of simultaneously defined free algebras. The
proof uses a variant of the Tait’s strong computability predicates.

It is well known that in a system of simultaneously defined free algebras
every term (possibly involving recursion operators) is strongly normalizing.
However, the standard proof reduces the problem to strong normalization
of second order propositional logic (called system F' by Girard [20]). This
latter result requires a method not formalizable in analysis. Here we give a
much simpler proof, which only uses predicative methods.

2.2.1. Types. Our type system is defined by three type forming oper-
ations: arrow types p — o, pair types p x ¢ and the formation of inductively
generated types ud £, where & = (o) =1,...n is a list of distinct “type vari-
ables”, and K = (k;)i=1,. is a list of “constructor types”, whose argument
types contain aq,...,ay in strictly positive positions only.

For instance, pua(a, o — «) is the type of natural numbers; here the list
(o, — «) stands for two generation principles: « for “there is a natural
number” (the 0), and o — « for “for every natural number there is another
one” (its successor).

Let an infinite supply of type variables a, 8 be given.

DEFINITION. Let & = (aj)j=1,..,~ be a list of distinct type variables.
Types p,o, 7,1 € T and constructor types k € KT (&) are defined inductively
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as follows.
_ _ p,al,...,_’anGT (>0
p— (01 = aj) = - = (0n = o) = aj € KT(dA)
/@i,...,kaneKT(o_Z) (n> 1) p,o€T p,o€eT
(p@ (K1,...,kn)); €T p—>oeT pxoeT
Here p'is short for a list p1,...,pm (m > 0) of types and p'— o means
p1 — -+ = pm — o, associated to the right. We shall use pu for types
of the form (pd (k1,...,K)); only, and for types 7 and a constructor type

K=p—= (01— ) == (0 = a;,) = a; € KT(A) let

—

K[T] =p—= (61 = 1j) = = (0n = Tj,) = T5.

EXAMPLES.
U = uoa,
B = pa(a, a),
N = pa (o, a0 — @),
L)  =palap—a—a),
p1+p2 = pa(pr = o, p2 = a),
(tree, tlist) := u(a, B) (N = o, 8 = «a, B, — B — f),
Bin = pa (o, a0 = a — w),
@) = pa (o, = o, (N = a) = a),
T =N,
Tnt1 = pa (o, (T, — @) = ).

Notice that there are many equivalent ways to define these types. For
instance, we could take U 4+ U to be the type of booleans, and L(U) to be
the type of natural numbers.

Notice also that we have added the pair type p x ¢ for simplicity only.
Products could have been defined in two forms, as tensor products and as
cartesian products, by

p1 & p2 = poLpr = P2 = Q,
p1 X p2i= pan(o = p1) = (0 = p2) = 0 = a,

If we would allow ourselves to quantify over types, the cartesian product
could be defined as

p1 X p2 = pavo.(oc — p1) = (0 = p2) = 0 — a.

2.2.2. Terms. The inductive structure of the types i = pd s corre-
sponds to two sorts of constants. With the constructors constr': r;[fi] we
can construct elements of a type u;, and with the recursion operators Rﬁf
we can construct mappings from f; to 7; by recursion on the structure of .
In order to define the type of the recursion operators w.r.t. ji = ud K and
result types T, we first define for

Ki=p— (01— o) == (0n = aj,) = a; € KT(Q)
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the step type
ST == (31 = pjy) == (G = ) —
(01 = 15) = = (G = Tj,) = 7).
Here p, (61 — pj,),...,(0n — pj,) correspond to the components of the

object of type p; under consideration, and (¢4 — 75,), ..., (6% — 7j,) to the
previously defined values. The recursion operator Rﬁf has type

RET: 60T = = 00T =y = 7
(recall that k& is the total number of constructors for all types p1, ..., un).
We will often write Rg‘ " for R}, and omit the upper indices i, 7 when

they are clear from the context. In case of a non-simultaneous free algebra,
i.e. of type pak, for R}," we normally write R,

DEFINITION. Terms are inductively defined from typed variables and
the constants constr!’ and Rﬁf by means of
o abstraction (AzPM?)P77,
e application (MP77NP)?,
e pairing (MP, N?)P*? and
e projections (MP*°0)P, (MP*71)°.

EXAMPLES.
B := constr®, B := constrS,

B:T—>T—>B—>T,

ON := constrlY,  SN7N .— constrlY,

T

NT—=N—=7—>7)>N-=T,

Nil%(®) = constr®) | cons®?L(®)=L@) .= constrb(®)

)

Ri(a):T—>(a—>L(a)—>T—>r)—>L(a)—>T,

p1—rp1+p2 p1+p2
(Inlpyps) := constr{ "
p2—rp1tp2 p1t+p2
(Inrplm) := constr, )

R;1+p23(P1—>T)—>(p2—>7)—>p1+pz—>7.

REMARK. Notice that for the defined products the constructors and
recursion operators are

Gy

T opet (P1 = p2 = T) = p1®p2 — T,

)Pl—>02—>01®02 P1®p2
bl

:= constr)

(><+ )(U%pl)%(a%pg)%aapl X o P2
p1p20

R;lxgm: ((c = p1) = (0= p2) >0 —=>T) = p1 Xg p2 =T,

X
:= constr{' 72

ExaMPLES. The append-function :+: for lists is defined recursively by
Nil :+: I := o,

(consxly) :4: 1o := consx(ly :+: l3).
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It can be defined as the term

M.y = Ry MO (Aly) (Aw Al ApAla cons 2 (pl).

Using the append function :4: we can define list reversal Rev by
Rev Nil := Nil,
Rev(consz[) = (Rev [) :4: (cons zNil).
It can be defined as the term

RII:EZ;N”(M/\Z/\P-M;JF; p (cons zNil)).

Assume we want to define by simultaneous recursion two functions on
N, say Even,Odd: N — B. We want
Even(0) :=tt 0dd(0) := ff
Even(Sn) := Odd(n) 0dd(Sn) := Even(n)
This can be achieved by using pair types: we recursively define the single
function EvenOdd: N — B x B. The step types are
51 =B x B7
6o=N—->BxB — B xB,

and we can define EvenOdd := RE*B(ff, tt) (Anp.(p1, p0)).
Our final example concerns the simultaneously defined free algebras tree

(tree,tlist) fori € {17 ... ,4} are

7
LeafN—>tree’ Branchths’Htree, EmptythSt, Tconstree—>tllst—>tllst'

Observe that the elements of the algebra tree are just the finitely branching
trees, which carry natural numbers on their leaves.

Let us compute the types of the recursion operators w.r.t. the result

. (tree,tlist),(71,72) (tree,tlist),(71,72)
types 71, T2, i.e. of Riree and Ryt

Ruist- The step types are

and tlist, whose constructors constr

, or shortly Riree and

61 :=N — 7,
09 = tlist = 7 — 71,
03 1= To,
04 :=tree — tlist = 1 — ™ — 7.
Hence the types of the recursion operators are
Riree: 01 — 09 — 3 — 64 — tree — 7,
Rijist: 01 — 02 — 03 — 04 — tlist = 1.
To see a concrete example, let us recursively define addition +: tree —

tree — tree and @: tlist — tree — tlist. The recursion equations to be
satisfied are

+ (Leafn) = Aaa,
+ (Branch bs) = Aa.Branch(® bs a),

¢ Empty = Aa Empty,
@ (Tconsb bs) = Aa.Tcons(+ba)(P bsa).
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We define + and & by means of the recursion operators Riree and Ryjist with
result types

T] := tree — tree,
T9 1= tree — tlist.
The step terms are
My := Anlaa,
My := AbsAg™Aa.Branch(ga),
M3 := la Empty,
My := AbAbsAf™ Ag™ Aa. Tcons(f a)(ga).
Then
+ = RtreeM: tree — tree — tree,
® = RtnstM: tlist — tree — tlist.

REMARK 2.2.1. It may happen that in a recursion on simultaneously
defined algebras one only needs to recur on some of those algebras. Then
we can simplify the type of the recursion operator accordingly, by

e omitting all step types (5,? ™ with irrelevant value type 7j, and

e simplifying the remaining step types by omitting from the types
(61 = Tj)s--.,(Fn — T7j,) of previously defined values all those
with irrelevant 7;,.

In the tree, tlist-example, if we only want to recur on tlist, then the step
types are

03 = Ty,

04 1= tree — tlist = ™ — 7.
Hence the type of the simplified recursion operator is

Rijist : 03 — 04 — tlist — 7o.
An example is the recursive definition of the length of a tlist. The recursion
equations are

len(Empty) =0,

len(Tconsb bs) = len(bs) + 1.

The step terms are
M3 := Empty,
My = AbAbsAp.p + 1.

REMARK 2.2.2. There is an important variant of recursion, where no re-
cursive calls occur. This variant is called the cases operator; it distinguishes
cases according to the outer constructor form. Here all step types have the
form .

O =P = (G = ) = (G ) = T
The intended meaning of the cases operator is given by the conversion rule
(cf. (5) below)
(C;M)*i~7i (constr N') +— M;N.
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Notice that only those step terms are used whose value type is the present
7j; this is due to the fact that there are no recursive calls. Therefore the
type of the cases operator is

Clijmry i Oiy = w00 = 03y = iy — 5,
where d;,,...,d;, consists of all §; with value type 7;. We write Cy, -, or

even C; for ng_wj.

The simplest example (for the type B) is if-then-else. Another example
is the predecessor function on N, ie. P(0) := 0, P(S(n)) := n. It can
formally be defined by the term

In the tree, tlist-example we have

Ctlist—>7—23 T — (tree — tlist — TQ) — tlist — 7.

REMARK 2.2.3. When computing the value of a cases operator, we may
not want to (eagerly) evaluate all arguments, but rather evaluate the test ar-
gument first and depending on the result (lazily) evaluate at most one of the
other arguments. This phenomenon is well known in functional languages;
e.g. in SCHEME the if-construct is called a special form (as opposed to an
operator). Therefore we also provide an if-construct to build terms, which
differs from the cases operator only in that it employs lazy evaluation. The
predecessor function could then be written in the form Am[if m 0 Ann].

2.2.3. Conversion Relation. It will be useful to employ the following
notation. Let i = ud < and

Ki=p1— = pm — (01 = ) == (0n = a;,) = a; € KT(a),

and consider constrfN. Then we write N¥ = Nlp7 .. ,N£ for the parameter

arguments N{*,..., N and N® = N ... N[ for the recursive arguments
1 On—r It .

Nm_H“J1 e ,N;*;n“fn, and nf for the number n of recursive arguments.

We define a conversion relation —, between terms of type p by
(1) (AxM)N — M[x:=N]
(2) (Mo, My)i— Mi (i=0,1)
(3) Ax.Mx— M if x ¢ FV(M) (M not an abstraction)
(4) (MO,M1) — M (M not a pair)
(5) (RjM)"i~*7 (constr? N') — M;N ((Rj, M) o Nf) ... (R;, M) o NJ)
Here we have written R; for Rgf

The one step reduction relation — can now be defined as follows. M —

N if N is obtained from M by replacing a subterm M’ in M by N’, where
M’ — N’. The reduction relations —1 and —* are the transitive and the

reflexive transitive closure of —, respectively. For M = My, ..., M, we
write M — M’ if M; — M for some i € {1,...,n} and M; = M; for all
i#je{l,...,n}. Aterm M is normal (or in normal form) if there is no

term N such that M — N. L
Clearly normal closed terms are of the form constri'N.
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ExXAMPLE. Let us check the conversion rules for the defined + and @ of
our example above. We have

+ (Leafn) = RtreeM(Leaf n) — Min — Aaa,
@® Empty = RtnstM Empty — M3 = Aa Empty

and

—

+(Branch bs) = Riree M (Branch bs)
+ My bs ((RuistM) o bs)
= M2 bs (@ bS)
— Aa.Branch(® bs a),

@(Tcons b bs) = Ryjist M (Tcons b bs)
My b bs (RureeM) 0 b) ((Ruist M) o bs)
= My bbs (+b)( bs)
— Aa.Tcons(+ba)(® bsa).
2.2.4. Strong Computability Predicates.

DEFINITION. The set SN of strongly normalizable terms is inductively
defined by

(6) (VN.M — N = N €SN) = M € SN
Note that with M clearly every subterm of M is strongly normalizable.

DEFINITION. We define strong computability predicates SCP by induction
on p.
Case pj = (pdK);. Then M € SCHI if

(7) VN.M — N = N € SC, and
nft o N
(8) M = constr’ N = N¥ e SC A A\l(VKeSC) NEEK e sct.
p:
Case p — 0.
M € SCP77 <= (VNeSC’)MN e SC°.
Case p x 0.

M € SCP*? e MO e SC’ and M1 e SC°.

Notice that the reference to N¥ € SC and K€SC in (8) is legal, because
the types g, d; of N, K must have been generated before p1;. Note also that
by (8) constrf]\_f € SC implies N € SC.

We now set up a sequence of lemmas leading to a proof that every term

is strongly normalizing. In the proofs we disregard the product case, since
it can be treated routinely.

LEMMA 2.24. If M € SC” and M — M’, then M’ € SC.
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PROOF. Induction on p. Case pu. By (7). Case p — 0. Assume M €
SCP7% and M — M’; we must show M’ € SC. So let N € SC”; we must
show M'N € SC?. But this follows from MN — M'N and M N e SC? by
induction hypothesis (IH) on o. O

LEMMA 2.2.5. (VMeSN).M € SC = (zM)* € SC.

PROOF. Induction on M € SN. Assume M € SN and M € SC; we must
show (zM)* € SC. So assume xM — N; we must show N € SC. Now by
the form of the conversion rules N must be of the form zM’ with M — M.

But M’ € SC by Lemma 2.2.4, hence zM’ € SC by IH for M'. O
LEMMA 2.2.6. (a) SC” C SN,
(b) = € SC”.

PRrOOF. By simultaneous induction on p. Case pu; = (udiK);. (a). We
show M € SCH = M € SN by (side) induction on M € SC*. So assume
M € SCH; we must show M € SN. But for every N with M — N we have
N € SC by (7), hence N € SN by the side induction hypothesis STH. (b).
x € SCH holds trivially.

Case p — 0. (a). Assume M € SC’7?; we must show M € SN. By
IH(b) for p we have = € SC?, hence Mz € SC?, hence Mx € SN by IH(a) for
o. But Mz € SN clearly implies M € SN. (b). Let M € SC7 with p1 = p;

we must show zM € SC*. But this follows from Lemma 2.2.5, using IH(a)
for p. O

COROLLARY 2.2.7. N € SC = constr?]\_f € SC, i.e. constrg € SC.
ProoF. First show (VNeSN).N € SC = constrfﬁ € SC by induction
on N € SN as in Lemma 2.2.5, and then use Lemma 2.2.6(a). O
LEMMA 2.2.8.
(VM, N, NeSN).M[z:=N]N € SC* = (A\zM)NN e SC*.
(VMo, My, NeSN).MoN, M1 N € SC* = (M, M, )iN € SCH.
PRrROOF. By induction on M, N, N €SN. Let M,N, N € SN and assume
M[z:=N]N € SC; we must show (AxM)NN € SC. Assume (AzM)NN —
K; we must show K € SC. Case K = (AxM')N'N’ with M,N,N —
M',N',N'. Then M[z:=N]N —* M'[z:=N’]N’, hence by (7) from our
assumption M[z:=N]N € SC we can infer M'[z:=N’'|N’ € SC, therefore

(AzM')N'N’ € SC by IH. Case K = M[z:=N]N. Then K € SC by assump-
tion. O

COROLLARY 2.2.9.

(VM, N, NeSN).M[z:=N]N € SC” = (AtM)NN e SC”.

(VMo, My, NeSN).MoN, My N € SC” = (M, M,)iN € SCP.
PrOOF. By induction on p, using Lemma 2.2.6(a). O

LEMMA 2.2.10. (YNeSCH)(VM, LeSN).M,L € SC= R;MNL € SC".
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PROOF. By main induction on N € SC*, and side induction on M, L €
SN. Assume
R;MNL — L.
We must show L € SC.
Case 1. R;M'NL’ € SC by the SIH.
Case 2. RjMN’E € SC by the main induction hypothesis (IH).
Case 3. N = constrf]\_f and

L=MN((R;M)oN{)...((R;M)o NF)L.

M, L € SC by assumption. N € SC follows from N = constrfﬁ € SC by (8).
Note that for all recursive arguments Nf of N and all strongly computable

K by (8) we have the IH for Nfl? available. It remains to show (RJM )o
Nf = )\a_:}‘,.Rj]\Z(Ngfﬁ,) € SC. Solet K,Q € §C be given. V\Ce rnusE sliow
(AZp.R;M(NET,))KQ € SC. By IH for NFK we have R;M(NFK)Q €
SC, since by Lemma 2.2.6(a) K,Q € SN. Now Corollary 2.2.9 yields the
claim. O

COROLLARY 2.2.11. R; € SC. 0

DEFINITION. A substitution & is strongly computable, if £(x) € SC for all
variables x. A term M is strongly computable under substitution, if M& € SC
for all strongly computable substitutions &.

THEOREM 2.2.12. FEvery term is strongly computable under substitution.

PROOF. Induction on the term M. Case x. x£ € SC, since £ is strongly
computable. Case constrf. By Corollary 2.2.7. Case R;. By Corol-
lary 2.2.11. Case M N. By IH M¢, N¢ € SC, hence (MN)§ = (ME)(NE) €
SC. Case AxM. Let £ be a strongly computable substitution; we must show
(AzM)E = AeMEL € SC. So let N € SC; we must show (AzMEL)N € SC.
By IH M¢Y € SC, hence (AxMEX)N € SC by Corollary 2.2.9. O

COROLLARY 2.2.13. Every term is strongly normalizable. O

2.3. Rewrite Rules

The elimination constants corresponding to the constructors are called
primitive recursion operators R. They have been described in detail in
Section 2.2. In this setup, every closed term reduces to a numeral.

For convenience, we shall also use constants for rather arbitrary com-
putable functionals, and axiomatize them according to their intended mean-
ing by means of rewrite rules. An example is the general fixed point operator
fix, which is axiomatized by fixF" = F(fixF'). Clearly then it cannot be true
any more that every closed term reduces to a numeral. We may have non-
terminating terms, but this just means that not always it is a good idea to
try to normalize a term.

An important consequence of admitting non-terminating terms is that
our notion of proof is not decidable: when checking e.g. whether two terms
are equal we may run into a non-terminating computation. To avoid this
somewhat unpleasant undecidability phenomenon, we may view our proofs
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as abbreviated forms of full proofs, with certain equality arguments left
implicit. If some information sufficient to recover the full proof (e.g. for
each node a bound on the number of rewrite steps needed to verify it) is
stored as part of the proof, then we retain decidability of proofs.

However, even without such additional information we still have semi-
decidability of proofs, i.e., an algorithm to check the correctness of a proof
that can only give correct results, but may not terminate. In practice this
is sufficient.

We now describe in some detail our concept of rewrite rules. For every
program constant ¢ we assume that some rewrite rules of the form cK+— N
are given, where FV(N) C FV(K) and ¢K, N have the same type (not
necessarily a ground type). Moreover, for any two rules ¢K — N and
cK’ — N’ we require that K and K’ are of the same length, called the arity
of c.

Given a set of rewrite rules, we want to treat some rules - which we call
computation rules - in a different, more efficient way (cf. [9]). The idea is that
a computation rule can be understood as a description of a computation in
a suitable semantical model, provided the syntactic constructors correspond
to semantic ones in the model, whereas the other rules describe syntactic
transformations.

In order to define what we mean by computation rules, we need the
notion of a constructor pattern. These are special terms defined inductively
as follows.

e Every variable is a constructor pattern.

e If ¢ is a constructor and Pi,..., P, are constructor patterns (or
projection markers 0 or 1) such that P is of ground type, then cP
is a constructor pattern.

From the given set of rewrite rules we choose a subset COMP with the
following properties.

o If cP — Q € Cowmp, then Pi,..., P, are constructor patterns or
projection markers.

e The rules are left-linear, i.e. if P Q@ € CoMmP, then every variable
in cP occurs only once in cP.

e The rules are non-overlapping, i.e. for different rules cK — M and
¢L — N in CoMP the left hand sides cK and cL are non-unifiable.

We write cM —comp ¢ to indicate that the rule is in ComP. All other rules

will be called (proper) rewrite rules, written M —ren K.

In our reduction strategy computation rules will always be applied first,
and since they are non-overlapping, this part of the reduction is unique.
However, since we allowed almost arbitrary rewrite rules, it may happen that
in case no computation rule applies a term may be rewritten by different
rules ¢ CoMP. In order to obtain a deterministic procedure we then select
the first applicable rewrite rule (This is a slight simplification of [9], where
special functions sel. were used for this purpose).
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2.4. Axioms

The intended model of our theory is a many-sorted structure, with one
sort for every type. We assume that the model consists of domains, in
the sense of domain theory (cf. [34]). The reason for the setting is that
we want to deal with computable functionals. Since their (mathematically
correct) domains are the Scott-Ershov partial continuous functionals, this is
the intended range of the quantifiers.

2.4.1. Languages for Algebras. We now define the specific logical
language we use for our algebras. It should be thought of as a form of arith-
metical language, since it is supposed to describe our particular intended
model.

A wariable of a given type is interpreted by a continuous functional (ob-
ject) of that type. We use the word “variable” and not “program variable”,
since continuous functionals are not necessarily computable. So for each
type p we have general variables &, 9, ... of type p.

In most cases we need to argue about existing (i.e. total) objects only.
For the notion of totality we have to refer to [34, Chapter 8.3]; particularly
relevant here is exercise 8.5.7. To make formal arguments with quantifiers
relativized to total objects more managable, we use a special sort of variables
intended to range over such objects only. So for each type p we have total
variables P, y”, ... of type p.

For readable in- and output, and also for ease in parsing, we may reserve
certain strings as names for variables of a given type, e.g. n, m for variables of
type N. Then also ng,n1,n9,...,mq,... can be used for the same purpose.
For example, ng,n1,ns,...,mg,... range over total natural numbers, and
ng, N1, N2, ... are general variables. We say that the degree of totality for
the former is 1, and for the latter 0.

A predicate variable P of arity p1, ..., pn is a placeholder for a formula A
with distinguished (different) variables Z1, ..., 2, of types pi,...,pn. Such
an entity is called a comprehension term, written {Z1,...,%, | A}. By
default we have the predicate variable L (of empty arity), called (logical)
falsity. 1t is viewed as a predicate variable rather than a predicate constant,
since (when translating a classical proof into a constructive one) we want to
substitute for L.

Often we will argue about Harrop formulas only, i.e. formulas without
computational content. For convenience we use a special sort of predicate
variables intended to range over comprehension terms with Harrop formulas
only. For example, Py, P, Ps,...,Qo,... range over comprehension terms
with Harrop formulas, and ]50, ]51, ]52, ... are general predicate variables. We
say that Harrop degree for the former is 1, and for the latter 0.

We also allow predicate constants with a fixed intended meaning. Pred-
icate variables and constants are both called predicate symbols. The need
for predicate constants comes up when e.g. an inductively defined set is ex-
pressed via a formula stating the existence of a generation tree; the kernel
of this formula is to be axiomatized, using the tree constructors. Prime
formulas built from predicate constants do not give rise to extracted terms,
and cannot be substituted for.
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Specific predicate constants are

e atom of arity (B),
o for every type p equality ~, of arity (p, p), and
e for every type p totality Total, of arity (p).

Notice that for finitary algebras, e.g. IN, we have continuous boolean valued
functions equality =,q:: N — N — B and existence (definedness, totality)
énat: N — B. Then we can express equality » = s by atom(=(r,s)) and
existence E(r) by atom(e(r)).

A prime formula has the form P(ry,...,r,) with a predicate variable or
constant P and terms ry,...,7,. Write
T, F for atom(tt), atom(ff),
r = s for atom(=(r, s)),
E(r) for atom(e(r)), and
r & s for =~ (r,s).

Formulas are built from prime formulas by
implication A — B,

conjunction A A B,

tensor A ® B,

all quantification VZ* A and
existential quantification 3z° A.

Moreover we have classical existential quantification in an arithmetical and
a logical form:

%% .. . 2, A1 ®...® A, arithmetical version
3981 .. in A ®...® Ay logical version.

For all quantifiers we allow that the quantified variable is formed without ~,
i.e. ranges over total objects only.

REMARK. When dealing with the classical existential quantifier, it is —
for obvious reasons — useful to be able to unfold and fold it as it seems appro-
priate. In MINLOG the commands are fold-formula and unfold-formula.
However, notice that there are some slight difficulties in this context. To see
the problems, consider

Iz, yA
If we read this as 3923y A, then the unfolded form would be

However, it would be simpler if we could unfold this formula into the equiv-
alent

—VavVy—A
To achive this effect, we allow lists of variables after a classical existen-
tial quantifier, and unfold 3z, yA into the latter (shorter) formula, but

323y A into the former.
Another (small) problem arises when we want to fold

9) -Vz.A—B— L
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The result should be 3%z.A4 A B, but this is not quite correct, since the
latter formula unfolds into =Vax.A A B — 1. Therefore in MINLOG there is
a connective called tensor (written ®) with the property that (9) folds into

Fz.A® B
and unfolds again into (9).

Formulas can be unfolded in the sense that all classical existential quan-
tifiers are replaced according to their definiton

%% ... 2, AR ...Q A, = (V.’flinAl—)—)Am—)F)—)F
3z i A Q . QA = (Vi B Al = > Ay = L) = L

Inversely a formula can be folded in the sense that classical existential quan-
tifiers are introduced wherever possible.

Comprehension terms have the form {Z | A}; note that the formula A
may contain further free variables.

2.4.2. Algebras and Totality. We use the natural numbers as a pro-
totypical finitary algebra; recall Figure 1. Assume that n, p are variables of
type N, B. Let =~ denote the equality relation in the model. Recall the do-
main of type B, consisting of tt, ff and the bottom element bb. The boolean
valued functions equality =p.: N — N — B and existence (definedness,
totality) epqt: N — B need to be continuous. So we have

—~(0,0) ~
=(0,5n) ~ =(5n,0) ~ ff e(0) = tt
=(Snq, Sng) ~ =(n1, No) e(Sn) =~ e(n)
=(bbpat, ) & =(N, bbpat) ~ bb e(bbn) ~ bb
:(Oonabﬁ’) ~ :(Ayoonat) ~ bb 6(OON) ~ bb
We stipulate as axioms
T Truth-Axiom
TRT Eq-Refl
T1 R Ty — To R I Eq-Symm
T1 R Ty —> To RT3 — T1~ T3 Eq-Trans
VI Al.@ ~ fgi‘ — fl ~ fg Eq-Ext
T~ &g — 15(3%1) — P(i’g) Eq-Compat
Vi, 29 P((21,82)) — VPP (p) Pair-Elim
Totalpéa(f) < Vz.Total,(z) — Total, (f) Total
Total,(c) Constr-Total
Total(c#) — Total(2;) Constr-Total-Args

and for every finitary algebra, e.g. nat

n ~ ng — E(ny) — Ny = ng Eq-to-=-1-nat
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N & ng — E(ng) — iy = g Eq-to-=-2-nat
N1 = Ny — N1 = Moy =-to-Eq-nat
ny = ne — E(ny) =-to-E-1-nat
n1 = ng — E(ng) =-to-E-2-nat

Total(n) — E
E(n) — Total

Total-to-E-nat
E-to-Total-nat

(7)
(7)

Here ¢ is a constructor. Notice that in Total(cz) — Total(;), the type of ¢
need not be a finitary algebra, and hence #; may have a function type.

REMARK. (E(ﬁ1> — Ny = ﬁz) — (E(ﬁz) — N = ﬁz) — N1 & Ny IS
not valid in our intended model (see Figure 1), since we have two distinct
undefined objects bb,q¢ and 0onqt.

We abbreviate
Vi.Total,(2) = A by VzA,
Jz.Total ,(Z) NA by dzA.
Formally, these abbreviations appear as axioms
VaP(z) — Vi.Total(#) — P(2)  All-AllPartial
(Vi.Total(z) — P(#)) — VaP(x) AllPartial-All
JzP(z) — Ji.Total() A P(2) Ex-ExPartial
(32.Total(#) A P(#)) — 3zP(x) ExPartial-Ex
and for every finitary algebra, e.g. nat
YnP(n) — Ya.E(R) — P(n) Al1-AllPartial-nat
(3n.E(R) A P(R)) — InP(n) ExPartial-Ex-nat
Notice that AllPartial-All-nat ie. (Vi.E(n) — P(7)) — anf’(n) is
provable (since E(n) — T). Similarly, Ex-ExPartial-nat, i.e. InP(n) —

In.E(n) A P(n) is provable.
Finally we have axioms for the existential quantifier

Vi®. P(&) — 32°P (%) Ex-Intro
32 P(&) — (Vi%.P(&) = Q) - Q Ex-Elim
2.4.3. Induction. We now spell out what we mean by induction over

simultaneous free algebras fi = ua@ K, with goal formulas Vx;-” Pj(xj) For
the constructor type

Ki=p—= (01— o) == (0 = a;,) = a; € KT(Q)
we have the step formula
o O1 = Grn—hjn PN .
Di =y Y Yt e Um VY Py (Ymr ) — - —
Vi P}, (Ym+nT) —

If’j(constrf(gj)).
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— 5"1—> ; G —> 15
Here 5 = yi", ... ,yﬁ{”,ymﬂﬂ’l oo Yol are the components of the ob-

ject constrg (9) of type p; under consideration, and
V37 P, (Y1 @), - -, YT Py, (Ymsnd)
are the hypotheses available when proving the induction step. The induction

axiom |nd§;_A With f = (:L';LJ )j:l,...,N and /_( = (Aj)jzl,...,N = (E(l‘;j))jzl,._.71\[
then proves the formula

Dy — -+ — Dy — Va! Pj(x;).

We will often write Indf’A for Indﬁ’jA, and omit the upper indices &, A when
they are clear from the context. In case of a non-simultaneous free algebra,
i.e. of type pa k, for Ind;’j’A we normally write Ind; 4.

EXAMPLES.
Ind, a: Alp:=tt] = A[p:=ff] — VpB A,
Indp, a: A[n:=0] — (Vn.A — A[n:=Sn]) — VnNA,
Ind; a4 A[l:=Nil] = (Vz,1.A — A[l:=cons(z,1)]) — VI¥® A
Ind, a: Vyr Alz:=Inl(y1)] — Vy2 A[z:=Inr(y2)] — Va2 A,
For the simultaneously defined algebras tree and tlist the induction axiom

b,bs, Py (b),Ps(bs) .
Indy;ce 1(b) P2(bs) 5

Dy — Dy — Dy — Dy — Vb Py (b)
with
Dy :=VnPy(Leaf(n)),
Dy := Vbs't Py (bs) — Py (Branch(bs)),
D3 := Py(Empty),
Dy == Vbt bstlist Py (b) — Py(bs) — Po(Tcons(b, bs)).
REMARK 2.4.1. It may happen that in an induction on simultaneously

defined algebras one only needs to induct on some of those algebras. Then
we can simplify the induction formula accordingly, by

e omitting all step formulas D; corresponding to constructor types
with irrelevant value type 7, and
e simplifying the remaining step formulas by omitting from the induc-
tion hypotheses V&% Pj, (Yymi1Z), - .., YZ% Pj, (YminZ) all those
corresponding to constructor types with irrelevant value type 7;,.
In the tree, tlist-example, if we only want to induct on tlist, then the step
formulas are

Ds := Pg(Empty),
Dy = Vbt bstist Py (bs) — Py(Tcons(b, bs)).
Hence the simplified induction axiom is

Indy, py sy : D3 = Da = Vbs" Pa(bs).
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2.4.4. Cases. There is an important variant of the induction axiom,
where no induction hypotheses are used, i.e. all step formulas have the form

e\, PL m 01y Tn=ljn P, B
Di =Yyt Y Yt s Yman - Pj(constri (7).
This variant is called the cases axiom; it distinguishes cases according to

the outer constructor form. The formula of the cases axiom is
Cases : Dilv"',Diq —)V.T;Ljpj(ibj),

where Dy, ..., D;,
Examples are

Cases,, a: A[n:=0] — VnA[n:=Sn] — VnNA,
Cases 4: A[l:=Nil] — Vx,lA[l:=cons(z,1)] — VIL(®) A.

In the tree, tlist-example, if we want to distinguish cases on tlist, then
the step formulas are

Dj := P(Empty),
Dy = VbtV bstt P(Tcons(b, bs)).
Hence the cases axiom is
Casesy p(g) P(Empty) — Vbt bstst P(Tcons(b, bs)) — Vst P(bs).

zj,Pj ()
consists of all D; concerning constructors for p;.

2.5. Notes

Section 2.2 is based on an extension of Tait’s method of strong com-
putability predicates. The definition of these predicates and also the proof
are related to Zucker’s proof of strong normalization of his term system
for recursion on the first three number or tree classes. However, Zucker
uses a combinatory term system and defines strong computability for closed
terms only. Following some ideas in an unpublished note of Berger, Benl
(in his diploma thesis [3]) adapted this proof to terms in the simply typed
A-calculus, possibly involving free variables. Here this proof is extended to
the case of simultaneously defined free algebras.

In a recent paper of Abel and Altenkirch [1], a similar result is proved
with a different method, involving Aczel’s notion of a set-based relation. It
seems worthwile to verify that an appropriate variant of the standard Tait
proof also yields this result. However, an additional merit of the method of
Abel and Altenkirch is that they are also able to treat co-inductive types.
We have not tried to extend our’s in this direction as well.



CHAPTER 3

Unification and Proof Search

We describe a proof search method suitable for minimal logic with higher
order functionals. It is based on Huet’s [22] unification algorithm for the
simply typed lambda calculus, which is treated first.

Huet’s unification algorithm does not terminate in general; this cannot
be avoided, since it is well known that higher order unification is undecidable.
This non-termination can be avoided if we restrict ourselves to a certain
fragment of higher order (simply typed) minimal logic. This fragment is
determined by requiring that every higher order variable Y can only occur
in a context Y, where & are distinct bound variables in the scope of the
operator binding Y, and of opposite polarity. Note that for first order logic
this restriction does not mean anything, since there are no higher order
variables. However, when designing a proof search algorithm for first order
logic only, one is naturally led into this fragment of higher order logic, where
the algorithm works as well.

3.1. Huet’s Unification Algorithm

We work in the simply typed A-calculus, with the usual conventions. For
instance, whenever we write a term we assume that it is correctly typed.
Substitutions are denoted by ¢, 1, p. The result of applying a substitution
@ to a term 7 or a formula A is written as r¢ or Ap, with the understanding
that after the substitution all terms are brought into long normal form.

Q@ always denotes a V3IV-prefix, say Vr3gvz, with distinct variables. We
call T the signature variables, i the flexible variables and 7 the forbidden
variables of (), and write Q3 for the existential part 3y of Q).

A Q-term is a term with all its free variables in @, and similarly a Q-
formula is a formula with all its free variables in Q. A Q-substitution is a
substitution of @Q)-terms.

A unification problem U consists of a V3AV-prefix ) and a conjunction C
of equations between Q-terms of the same type, i.e. Ny 7 = ;. We may
assume that each such equation is of the form A¥r = AZs with the same ¥
(which may be empty) and r, s of ground type.

A solution to such a unification problem U is a @-substitution ¢ such
that for every i, ripo = s;p holds (i.e. r;p and s;p have the same normal
form). We sometimes write C' as ¥ = §, and (for obvious reasons) call it a
list of unification pairs.

We now define the unification algorithm. It takes a unification problem
U = QC and produces a not necessarily well-founded tree (called matching
tree by Huet [22]) with nodes labelled by unification problems and vertices
labelled by substitutions.

33
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DEFINITION (Unification algorithm). We distinguish cases according to
the form of the unification problem, and either give the transition done by
the algorithm, or else state that it fails.

Case identity, i.e. Q.r =1 A C. Then

(Qr=rANC)=.QC.

Case &, i.e. QATZr = A¥s A C. We may assume here that the bound
variables ¥ are the same on both sides.

(QAZr =ATsNC) =, QVZr=sNC.

Case rigid-rigid, i.e. Q.fr = g§ A C' with both f and ¢ rigid, that is
either a signature variable or else a forbidden variable. If f is different from
g then fail. If f equals g,

(Q.fF = fENC) =. QF =5 C.

Case flex-rigid, i.e. Q.u¥ = f§ A C with f rigid. Then the algorithm
branches into one imitation branch and m projection branches, where r =
r1,...,Tm. Imitation replaces the flexible head wu, using the substitution
p = [w:=AZ.f(hiT) ... (h,@)] with new variables h and Z. For r; we have a
projection if and only if the final value type of r; is the (ground) type of f3.
Then the i-th projections pulls r; in front, by p = [w:=A\Z.z;(M ) . .. (hn,T)].
In each of these branches we have

(Qui = fSAC) =, Q.(uF = f5 A C)p,

where @’ is obtained from @ by removing Ju and adding 3h.

Case flex-flex, i.e. Q.ur = vSAC. If there is a first flex-rigid or rigid-flex
equation in C', pull this equation (possibly swapped) to the front and apply
case flex-rigid. Otherwise, i.e. if all equations are between terms with flexible
heads, pick a new variable z of ground type and let p be the substitution
mapping each of these flexible heads u to AZz.

(Qur =vSAC) =, Q.0.
This concludes the definition of the unification algorithm.

Clearly p is defined on flexible variables of @) only, and its value terms
have no free occurrences of forbidden variables from (). Our next task is to
prove correctness and completeness of this algorithm.

THEOREM 3.1.1 (Huet). Let a unification problem U consisting of a ¥Y3V-
prefix QQ and a list ¥ = § of unification pairs be given. Then either

e the unification algorithm can make a transition, and
— (correctness) for every transition U =, U' and U'-solution
¢ the substitution (p o ¢')[Q3 is a U-solution, and
— (completeness) for every U-solution ¢ there is a transition
U=, U and U'-solution ¢ such that ¢ = (po ¢')[Q3, and
moreover (') < u(p) with < in case flex-rigid, or else
e the unification algorithm fails, and there is no U-solution, or else
o the unification algorithm succeeds, and ¥ = § is empty.

Here pu(p) denotes the number of applications in the value terms of .
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PRrOOF. Case identity, i.e. Q.r =1 AC =>. QC. Then correctness and
completeness are obvious.

Case &, i.e. QATr = A¥s NC =, QVZ.r = s A C. Again correctness
and completeness are obvious.

Case rigid-rigid, i.e. Q.f7 = g§ANC =, Q.7 = 5N C. If f # g, then
the unification algorithm fails and there is no U-solution. If f = g, again
correctness and completeness are obvious.

Case flex-rigid, i.e. U is Q.ur = fSAC.

Correctness. Assume U =, U’, which is to say (Q.ui = f§AC) =,
Q' .(ur = f§AC)p. Let ¢ be a U'-solution, i.e. (ur = f§A C)pyp’. Then
clearly (po ¢')|Q3 is a U-solution.

Completeness. Assume ¢ is a U-solution, i.e. (ur'= f§A C)p. We have
to find a transition Y =, U’ and a U’-solution ¢’ such that ¢ = (po¢’)[Q3,
and moreover (') < (). Now ugp must be of the form A\i.at with a either
fora.

Subcase a is f. Then take the imitation branch, i.e. replace the flexible
head w using the substitution p = [w:=AZ.f(h1Z)... (hy,Z)] with new vari-
ables 1 and Z. Recall (Qui = f3 A C) =, Q'.(ur = f§AC)p, where
Q' is obtained from @ by removing Ju and adding 3h. Define ¢’ on the
new variables h by hj¢' = AZt;, and as ¢ on all other variables. Then

v = (po¢) Q3 because of
upyp' = )\;E’.f((ﬁgo')a?) = M. fT = up,
and our assumption says that
filz=rp] = f(5p)
Now ¢’ is a U'-solution because of
(uf)py’ = f(llz:=rpy]) = f(tlF:=rp]) = f(5p) = f(3ps").
Subcase a is x;. Then take the i-th projections branch, i.e. replace the
flexible head u using the substitution p = [w:=AZ.z;(h1Z)... (hy,Z)] with
new variables h and Z. Recall (Q.ui = f§AC) =, Q'.(ur" = f5§ A C)p,
where (' is obtained from @ by removing Ju and adding 3h. Define ¢’ on
the new variables h by h;¢’ := A@t;, and as ¢ on all other variables. Then
» = (po¢)Q3 because of
upyp = Af.xi((ﬁcp/):f) = .zt = uep,
and our assumption says that
(rip)tlE:=rp] = f(5p)
Now ¢’ is a U'-solution because of
(ui)pe' = (ripe) ({lE:=7pe']) = (rig) (HlE:=7]) = f(5p) = f(5p¢).
Case flex-flex, i.e. QQ.C' where all equations in C' are between terms with

flexible heads. Then for a new variable z of ground type we have taken p to
be the substitution mapping each of these flexible heads to AZz, and

(QC) =, Q.0.

Correctness. (po ¢')[Q3 clearly is a U-solution for every ¢'.
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Completeness. To simplify the notation let C' = (ur = vs). Assume that
¢ is a U-solution, i.e. (ur = vs)p. Then up = Az.fit1 and vy = Ax. fala,
and by assumption fiti[z:=r] = fata[z:=s]. Define ¢’ to be ¢ with the
assignments to u, v removed and z — fiti[z:=r] (= fatz[x:=s]) added. Then
clearly (po ¢')Q5 = ¢, and u(¢) < (). 0

COROLLARY 3.1.2. Given a unification problem U = QC, and a success
node in the matching tree, labelled with a prefix Q' (i.e. a unification problem
U with no unification pairs). Then by composing the substitution labels on
the branch leading to this node we obtain a pair (Q', p) with a “transition”
substitution p and such that for any Q'-substitution ¢', (p o ¢')[Q3 is an
U-solution. Moreover, every U-solution can be obtained in this way, for an
appropriate success node. Since the empty substitution is a Q'-substitution,
plQ3 is a U-solution, which is most general in the sense stated. O

3.2. The Pattern Unification Algorithm

We modify restrict the notion of @-term as follows. Q)-terms are induc-
tively defined by the following clauses.

e If w is a universally quantified variable in @) or a constant, and 7
are (Q-terms, then w7 is a ()-term.
e For any flexible variable y and distinct forbidden variables Z' from
Q, y7 is a Q-term.
e If ris a QVz-term, then Azr is a Q-term.
Explicitely, r is a @-term iff all its free variables are in @), and for every
subterm 7 of r with y free in r and flexible in @), the i are distinct variables
either A-bound in 7 (such that y7 is in the scope of this A) or else forbidden
in Q.

Q-goals and Q-clauses are simultaneously defined by

If 7 are Q-terms, then P7 is a Q-goal as well as a (-clause.

If D is a Q-clause and G is a Q-goal, then D — G is a ()-goal.
If G is a Q-goal and D is a Q-clause, then G — D is a ()-clause.
If G is a QVz-goal, then VaG is a Q-goal.

If D[y:=YZ2] is a Y23y, YVZ-clause, then VyD is a VZ3yVz-clause.

Explicitely, a formula A is a Q-goal iff all its free variables are in (), and for
every subterm y7” of A with y either existentially bound in A (with y7 in the
scope) or else free in A and flexible in @, the 7 are distinct variables either
A- or universally bound in A (such that y7 is in the scope) or else free in A
and forbidden in Q.

A Q-substitution is a substitution of ()-terms.

A pattern unification problem U consists of a V3V-prefix @ and a con-
junction C of equations between Q-terms of the same type, i.e. iy i = si.
We may assume that each such equation is of the form Azr = AZs with the
same Z (which may be empty) and r, s of ground type.

A solution to such a unification problem U is a @-substitution ¢ such
that for every i, ripo = s;p holds (i.e. r;p and s;p have the same normal
form). We sometimes write C' as ¥ = §, and (for obvious reasons) call it a
list of unification pairs.
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We now define the pattern unification algorithm. It takes a unifica-
tion problem U = QC and returns a substitution p and another unification
problem U’ = @Q'C’. Note that p will be neither a Q-substitution nor a
(Q’-substitution, but will have the property that

e p is defined on flexible variables of @) only, and its value terms have
no free occurrences of forbidden variables from @),

e if G is a Q-goal, then Gp is a Q'-goal, and

e whenever ¢ is a U’-solution, then (p o ¢')[Q3 is a U-solution.

DEFINITION (Pattern Unification Algorithm). We distinguish cases ac-
cording to the form of the unification problem, and either give the transition
done by the algorithm, or else state that it fails.

Case identity, i.e. Q.r =1 A C. Then

(Qr=rnAnC)=.QC.

Case &, i.e. Q. AZr = AX@¥'s AN C. We may assume here that the bound
variables T are the same on both sides.

(QAZr =XZsNC) =.QVZr=sNnC.

Case rigid-rigid, i.e. Q.fr = fSAC with f either a signature variable or
else a forbidden variable.

(Q.fr=fSNC)=.Q.7"=5NC.
Case flex-flex with equal heads, i.e. Q.uy = uzZ A C.
(Quy=uzZNC)=,Q.Cp

with p = [w:=AyW/w], Q' is @ with Ju replaced by Ju/, and @ an enu-
meration of those y; which are identical to z; (i.e. the variable at the same
position in Z). Notice that A\y.u/@ = A\Z.u/w@.

Case flex-flex with different heads, i.e. Q.uy =vZ A C.

(Quy=vZAC) =, Q'Cp,

where p and @' are defined as follows. Let @ be an enumeration of the
variables both in ¢ and in Z. Then p = [u, v:=Ag.u/W, \Z.w/W], and Q' is Q
with Ju, Jv removed and Ju’ inserted.

Case flex-rigid, i.e. Q.uy = t A C with t rigid, i.e. not of the form vz
with flexible v.

Subcase occurrence check: ¢ contains (a critical subterm with head) w.
Fail.

Subcase pruning: ¢ contains a subterm vwizwe with Jv in @, and z free
in ¢ but not in ¥.

(Quy=tANC)=,Quy=tpNCp

where p = [vi=A W Az AWy v/ W W], Q' is @ with Jv replaced by Jv’.
Subcase pruning impossible: Ayt (after all pruning steps are done still)
has a free occurrence of a forbidden variable z. Fail.
Subcase explicit definition: otherwise.

(Qui=1AC)=,QCp

where p = [w:=M\yt], and @' is obtained from @ by removing Ju. This
concludes the definition of the pattern unification algorithm.
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Our next task is to prove that this algorithm indeed has the three prop-
erties stated above. The first one (p is defined on flexible variables of @ only,
and its value terms have no free occurrences of forbidden variables from Q)
is obvious from the definition. We now prove the second one; the third one
will be proved next.

LEMMA 3.2.1. If Q =, Q' and G is a Q-goal, then Gp is a Q'-goal.

PRroor. We distinguish cases according to the definition of the unifica-
tion algorithm. All cases are straightforward:

Cases identity, £ and rigid-rigid. Then p = ¢ and the claim is trivial.

Case flex-flex with equal heads. Then p = [u:=A\y.u/w] with @ a sublist
of 7, and Q" is Q with Ju replaced by Ju'. Then clearly Glu:=\y.v/w] is a
Q’-goal (recall that after a substitution we always normalize).

Case flex-flex with different heads. Then p = [u, v:=Ay.w/ W, AZ.u/W]
with w an enumeration of the variables both in ¢ and in Z, and Q' is ) with
Ju, Jv removed and JFu’ inserted. Again clearly Glu, v:=\y.u/'w, \Z.w/w] is a
Q’-goal.

Case flex-rigid, Subcase pruning: Then p = [v:= 1, 2, Wa.v' W W], and
Q' is @Q with Jv replaced by Jv’. Suppose G is a @Q-goal. Then clearly
Glv:=\Wy, 2, Wo.v' W Ws] is a Q'-goal.

Case flex-rigid, Subcase explicit definition: Then p = [u:=\yjt| with a Q-
term Ayt without free occurrences of forbidden variables, and @’ is obtained
from @ by removing Ju. Suppose G is a Q-goal. Then clearly Glu:=\yt]
form) is a Q'-goal. 0

Let @ —, Q" mean that for some C,C" we have QC =, Q'C’. Write
Q — Q" if there are p1,...,pp and @1, ..., Qp—1 such that

Q _>p1 Ql —>p2 s —>pn_1 Qn—l _>pn Q/7
and p=p10---0py.

COROLLARY 3.2.2. If Q —3 Q" and G is a Q-goal, then Gp is a Q'-goal.
0

LEMMA 3.2.3. Let a unification problem U consisting of a VIAV-prefix Q)
and a list ¥ = § of unification pairs be given. Then either

e the unification algorithm makes a transition U =, U’', and
&' U’ -solutions — U-solutions
¢ = (po¥)Q3
is well-defined and we have ® : U-solutions — U’ -solutions such that

O’ is inverse to @, i.e. ®'(Pp) = ¢, or else
o the unification algorithm fails, and there is no U-solution.

PRrOOF. Case identity, i.e. Q.r = r ANC =, QC. Let ® be the identity.

Case &, i.e. QATTr = AXTs NC = QVZ.r = s A C. Let again ® be the
identity.

Case rigid-rigid, i.e. Q.fr = fSAC =, Q.7 = §AC. Let again ® be
the identity.

Case flex-flex with equal heads, i.e. Q.uy = uZ A C =, Q'.Cp with
p = [w= gu'w], Q" is @Q with Ju replaced by Fu’, and @ an enumeration of
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those y; which are identical to z; (i.e. the variable at the same position in
Z). Notice that \y.u'd = A\Z.u/w0.

1. @' is well-defined: Let ¢’ be a U’-solution, i.e. assume that Cpy’
holds. We must show that ¢ := (p o ¢’)[Q3 is a U-solution.

For uy = uz: We need to show (up)y = (up)z. But up = upy’ =
(A\y.u'w)p’. Hence (up)y = (up)Z by the construction of .

For (r = s) € C: We need to show (r = s)p. But by assumption
(r = s)py¢’ holds, and r = s has all its flexible variables from Q3.

2. Definition of ®: Uf-solutions — U’-solutions. Let a Q-substitution
¢ be given such that (uf = uZ)p and Cy. Define u/(®p) := Mi.(up)w0
(w.l.o.g), and v(Pyp) := v for every other variable v in Q3.

Dp =: ¢ is a U'-solution: Let (r = s) € C. Then (r = s)p by assump-
tion, for ¢ is a @-substitution such that C'p holds. We must show

(r=s)py'.

Notice that our assumption (up)y = (up)Z implies that the normal form of
both sides can only contain the variables in @. Therefore

upy' = (\g.u'w)y’
7.(\T.
(up)w0
(up)y
@

) w0

—~

<

1

I
D NN
<y

and hence (r = s)py’.
3. &' (Pp) = p: So let ¢ be an U-solution, and ¢’ := Pp. Then

u(®'¢) = u((poy)IQ3)
= upy'
= uyp, as proved in 2.

For every other variable v in Q5 we obtain

v(®'¢") = v((po¢)Qa)
= vpy'
= ’U(pl
= V.

Case flex-flex with different heads, i.e. U is Q.uy = vZ A C. Let @ be an
enumeration of the variables both in ¢ and in Z. Then p = [u, v:=AF.u/W, AZ.w/ 0],
Q' is Q with Ju, Jv removed and Ju’ inserted, and U’ = Q'Cp.

1. @ is well-defined: Let ¢’ be a U’-solution, i.e. assume that Cpy’
holds. We must show that ¢ := (p o ¢’)[Q3 is a U-solution.

For ug = vz: We need to show (up)y = (ve)Z. But (up)y = (up )y =
(M. (W W)y = (u'¢" )W, and similarly (vp)Z = (u'¢")w.

For (r = s) € C: We need to show (r = s)p. But since u’ is a new
variable, ¢ and p o ¢’ coincide on all variables free in r = s, and we have
(r = s)py’ by assumption.
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2. Definition of ®: U-solutions — U’-solutions. Let a Q-substitution ¢
be given such that (uy = vZ)¢ and Cp. Define

U (D) = Mb.(up)w0 w.lo.g.; 0 arbitrary
V(D) 1= M. (vy) 0
w(Pp) := we otherwise, i.e. w # v/, v’, u flexible.

Since by assumption (up)y = (ve)Z, the normal forms of both (uy)y and
(vp)Z can only contain the common variables @ from ¥, Z free. Hence, for
¢ = Dy, upp’ = up by the argument in the previous case, and similarly
vpp' = vep. Since rp = sp ((r = s) € C arbitrary) by assumption, and p
only affects u and v, we obtain rpyp’ = spy’, as required. ®'(Pp) = ¢ can
now be proved as in the previous case.

Case flex-rigid, U is Q.uy =t N C.

Subcase occurrence check: ¢ contains (a critical subterm with head) w.
Then clearly there is no Q-substitution ¢ such that (ue)y = te.

Subcase pruning: Here t contains a subterm vwizws with Jv in @, and
z free in t. Then p = [v:= Wy, 2, Wo V"W W, Q' is @ with Jv replaced by
', and U = Q' .uy = tp A Chp.

1. @ is well-defined: Let ¢’ be a U'-solution, i.e. (u¢')y = tpy’, and
rpp’ = spy’ for (r = s) € C. We must show that ¢ := (po ¢')|Q3 is a
U-solution.

For uy = t: We need to show (uy)y = tpy'. But

(up)y = (upy')§
= (u¢')ij  since p does not touch u
= tpy’ by assumption.

For (r = s) € C: We need to show (r = s)p. But since v’ is a new
variable, ¢ = (po ¢')]Q3 and p o ¢ coincide on all variables free in r = s,
and the claim follows from (r = s)py’.

2. Definition of ®: U-solutions — U’-solutions. For a U-solution ¢ define

V(D) := My, Wa. (v )W 0y

w(Pyp) == wep otherwise, i.e. w # v, v flexible.

—

Since by assumption (uep) ty, the normal form of ¢ cannot contain z

free. Therefore, for ¢’ := @,
/ - - ] » = /
vpp = (AW, z, Wa.v' Wi ) p
1171,2,1172.(/\1171,wQ.(Uw)wlowg)wle

A

= )\u_il, Z, u_fg.(vgo)wlowz
)\u_il, Z, QEQ.(USO)'LUlZQEQ
v

Hence ¢’ = @y satisfies (up')y = tpy'. For r = s this follows by the same
argument. ®'(®y) = ¢ can again be proved as in the previous case.

Subcase pruning impossible: Then Ayt has an occurrence of a univer-
sally quantified (i.e. forbidden) variable z. Therefore clearly there is no
Q@-substitution ¢ such that (up)y = te.
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Subcase explicit definition. Then p = [u:=\yt], Q" is obtained from @
by removing Ju, and U’ = Q'Cp. Note that p is a Q’-substitution, for we
have performed the pruning steps.

1. @ is well-defined: Let ¢’ be a U’-solution, i.e. rpp’ = spy’ for (r =
s) € C. We must show that ¢ := (po ¢')[Q3 is an U-solution.

For uy = t: We need to show (upy')y = tpy’. But

(upg' )i = ((Agt) ")y
= tsp,
= tpy' since u does not appear in t.

For (r = s) € C: We need to show (r = s)¢. But this clearly follows
from (r = s)py'.

2. Definition of ®: U-solutions — U’-solutions, and proof of ®'(Pyp) = .
For a U-solution ¢ define ®p = p[@3. Then

upyp' = Agte' = M\t = up,

and clearly vpy’ = vy for all other flexible ¢. For (r = s) € C, from ryp = sp
we easily obtain r¢’ = s¢’. 0

It is not hard to see that the unification algorithm terminates, by defining
a measure that decreases with each transition.

COROLLARY 3.2.4. Given a unification problem U = QC', the unification
algorithm either fails, and there is no U-solution, or else returns a pair
(Q', p) with a “transition” substitution p and a prefic Q' (i.e. a unification
problem U’ with no unification pairs) such that for any Q'-substitution ¢',
(po¢)Q3 is an U-solution, and every U-solution can be obtained in this
way. Since the empty substitution is a Q'-substitution, p|Q3 is a U-solution,
which is most general in the sense stated. O

3.3. Proof Search

A Q-sequent has the form P = G, where P is a list of Q-clauses and G
is a Q-goal.

We write M[P] to indicate that all assumption variables in the derivation
M are assumptions of clauses in P.

Write F" S for a set S of sequents if there are derivations MIG ‘[Pi] in
long normal form for all (P; = G;) € S such that Y dp(M;) < n. Let <" S
mean Im<n F™ S.

We now prove correctness and completeness of the proof search proce-
dure: correctness is the if-part of the two lemmata to follow, and complete-
ness the only-if-part.

LEMMA 3.3.1. Let Q be a V3IV-prefiz, {P = VZ.D — A}US Q-sequents
with Z, D not both empty. Then we have for every substitution ¢:

¢ is a Q-substitution such that F" ({P = VZ.D — A} U S)e
if and only if
¢ is a QVT-substitution such that <" ({PUD = A} U S)¢.
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PROOF. “If”. Let ¢ be a QVZ-substitution and —=<" ({P U D= AU
S)(p. So we have
N*?[Dy U Py].
Since ¢ is a QVZ-substitution, no variable in Z can be free in Py, or free in
yep for some y € dom(y). Hence

MUED=DLPY] = AEAGD? N

is a correct derivation. .
“Only if”. Let ¢ be a Q-substitution and " ({P = VZ.D — A} US)¢

This means we have a derivation (in long normal form)

MUED=De[py) = \zATP? NA°[Dp U Py).
Now dp(N) < dp(M), hence -<" ({P U D= A}U S)¢, and ¢ clearly is a
QVZ-substitution. 0

LEMMA 3.3.2. Let Q be a VIV-prefiz, {P = Pr} US Q-sequents and ¢
a substitution. Then

¢ is a Q-substitution such that =" ({P = Pr}US)p

if and only if there is a clause VZ.G — P53 inP such that the following holds.
Let 7 be the final universal variables in Q, X be new (“raised”) variables such
that X;Z has the same type as x;, let Q* be QQ with the existential variables ex-
tended by X, and let x indicate the substitution (1, xn=X12, ..., X, 2].
Then there is a result (Q', p) of either Huet’s or the pattern unification al-
gorithm applied to Q*.7 = 5* and a Q'-substitution ¢’ such that <" ({P =

G*}US)py', and ¢ = (po ¢')Qa.

ProOOF. “If”. Let (@', p) be such a result, and assume that ¢’ is a Q'-
substitution such that N; &= (P = G*)py’. Let ¢ := (po ¢')]Q3. From
unif (Q*, 7 = §*) = (Q’, p) we know 7p = §*p, hence 7ip = §*py’. Then

u(Vf.é—)P?)gﬂ ((Xp@,)g) N@*pgp’
derives Ps*py’ (i.e. Pryp) from Pe.

“Only if 7. Assume ¢ is a Q-substitution such that - (P = P7)¢p, say by
uVECoPeEN (GR)E=1 | with VZ.G — P35 a clause in P, and with additional

assumptions from Pcp in N. Then 7 Fp = (8p)[2:=t]. Since we can assume
that the variables & are new and in particular not range variables of ¢, with
9= @ U [T:=t]

we have 7o = §9. Let Z be the final universal variables in Q, X be new
(“raised”) variables such that X,z has the same type as z;, let Q* be @ with

the existential variables extended by X , and for terms and formulas let x
indicate the substitution [x1,...,2,:=X17, ..., X, Z]. Moreover, let
9" = U [Xl, v Xpi=AZ, Agtn]

Then 7" = rp = s = §*9*, i.e. ¥* is a solution to the unification problem
given by Q* and ¥ = §. Hence by Corollary 3.1.2 unif(Q*,7 = 5*) = (Q’, p)
and there is a @’-substitution ¢’ such that U* = (p o ¢')[Q%, hence ¢ =

(po ¢ )1Qs. Also, (Gp)[z:=t] = GY = G*0* = G*py. 0
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A state is a pair (@, S) with @ a prefix and S a finite set of Q)-sequents.
By the two lemmas just proved we have state transitions

(Q,{P =>Vi.D — Ay US) —° (QVZ,{PUD = A} US)
(Q.{P = PFIUS) »* (Q',({P = G} U 9)p),

where in the latter case there is a clause VZ.G — P§ in P such that the
following holds. Let Z be the final universal variables in @, X be new
(“raised”) variables such that X,z has the same type as z;, let Q* be @ with
the existential variables extended by X , and let x indicate the substitution
[1,...,2p:=X12,..., X, 2], and unif(Q*, 7 = §*) = (Q', p).

Notice that by Lemma 3.2.1, if P = Pr is a QQ-sequent (which means
that J\ P — Pris a Q-goal), then (P = G*)p is a Q'-sequent.

THEOREM 3.3.3. Let Q) be a prefix, and S be a set of Q-sequents. For
every substitution ¢ we have: ¢ is a Q-substitution satisfying = S iff there
is a prefix Q', a substitution p and a Q' -substitution ¢’ such that

(Q,S) = (Q',0),
o= (poy)lQs.

ExAMPLES. (i) The sequent Vy.VzRyz — Q,Vy1,y2Ry1y2 = Q leads
first to Yy, y2 Ry1y2 = Ryz under 3yVz, then to y; = y Ays = z under
JyVz3y1, y2, and finally to Y12 = y A Yoz = z under Iy, Y7, YoVz, which
has the solution Y; = Azy, Yo = Azz.

(ii) Vy.VzRyz — Q,Vy1Ry1yhn = @ leads first to Vy; Ry1y1 = Ryz under
dyVz, then to y1 = y A y1 = z under dyVzdy;, and finally to Y1z =
y A Y1z = z under Jy, Y1Vz, which has no solution.

(iii) Here is a more complex example (derived from proofs of the Orevkov-
formulas), for which we only give the derivation tree.

V280z— 1 (¥) R0z Rzz

5021—>J_ SOZl
1
Vy.(Vz1Ryz1—L)— L Rzzi— L
(Vz1Rzz1—L)—L Vz1Rzz1— L
Vy.(VzRyz—1)— L WJ__)J_
(VzR0z—L)— L1 VzR0z— L

1
where (x) is a derivation from Hyp;: Vz, 21.R0z — Rzz; — S0z.

3.4. Extension by A and 3

The extension by conjunction is rather easy; it is even superfluous in
principle, since conjunctions can always be avoided at the expense of having
lists of formulas instead of single formulas.

However, having conjunctions available is clearly useful at times, so let’s
add it. This requires the notion of an elaboration path for a formula (cf. [27]).
The reason is that the property of a formula to have a unique atom as its
head is lost when conjunctions are present. An elaboration path is meant to
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give the directions (left or right) to go when we encounter a conjunction as
a strictly positive subformula. For example, the elaboration paths of Vx A A
(BAC — D AVyE) are (left), (right,left) and (right,right). Clearly,
a formula is equivalent to the conjunction (over all elaboration paths) of
all formulas obtained from it by following an elaboration path (i.e. always
throwing away the other part of the conjunction). In our example,

VeAN(BANC — DAYYE) <> VeAN(BANC — D)AN(BANC — VyE).

In this way we regain the property of a formula to have a unique head, and
our previous search procedure continues to work.

For the existential quantifier 3 the problem is of a different nature. We
chose to introduce 3 by means of axiom schemata. Then the problem is
which of such schemes to use in proof search, given a goal G and a set P of
clauses. We might proceed as follows.

List all prime, positive and negative existential subformulas of P = G,
and remove any formula from those lists which is of the form of another one!.
For every positive existential formula — say JxB — add (the generalization
of) the existence introduction scheme

EI;B: Ve.B — JxB

to P. Moreover, for every negative existential formula — say dr A — and every
(prime or existential) formula C' in any of those two lists, exept the formula
Jz A itself, add (the generalization of) the existence elimination scheme

Jyapt A — (Vo.A— B) = B

to P. Then start the search algorithm as described in Section 3.3. The
normal form theorem for the natural deduction system of minimal logic
with 3 then guarantees completeness.

However, experience has shown that this complete search procedure
tends to be trapped in too large a search space. Therefore in our actual
implementation we decided to only take instances of the existence elimina-
tion scheme with existential conclusions.

Moreover, it seems appropriate that — before the search is started — one
eliminates in a preprocessing step as many existential quantifiers as possible.
We shall discuss in the following to what extent this might be done. As a
preparation, we first prove a lemma.

Call a formula decidable, if it is built from atoms atom(¢) and contains
boolean quantifiers only (i.e., only quantifiers Vb or 3b with variables b of
type B).

REMARK. Notice that this is a rather crude syntactical notion of de-
cidability for formulas; a more elaborate version would also allow bounded
quantification over e.g. the natural numbers. The lemma to follow says that
it implies the derivability of D Vv =D, for the usual second order definition
of V.

170 do this, for patterns the dual of the theory of “most general unifiers”, i.e. a theory
of “most special generalizations”, needs to be developed.
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LEMMA (Case distinction on decidable formulas). For decidable formulas
D we have

Fi (D — A) — (-D — A) = A.
PRrROOF. By induction on D. Case atom(t). To prove
F (atom(p) — A) — (—atom(p) — A) — A,

use boolean induction, and the truth axiom atom(it).
Case D — E. We have to show

H(D—FE)— A) = (~(D—FE)— A) — A

By IH it suffices to argue by cases on D and E. We proceed informally. If
E holds, then we have D — E and hence A. If =F holds, then distinguish
cases on D. If D holds, then =(D — FE), hence A. If =D holds, then D — E
by ex-falso, hence A.

Case D A E. Easy, again using the IH, and cases on D and F.

Case dpD. We must show

i (3pD — A) — (—-3pD — A) — A.

By IH it suffices to argue by cases on D[p:=tt] and D[p:=ff]. If either D[p:=tt]
or D[p:=ff] hold, then we clearly have A, by the assumption I3pD — A. If
both —D[p:=tt] and —D[p:=ff] hold, then Vp—D (by boolean induction),
hence —3pD, hence A by the assumption —3pD — A.
Case YpD. We must show
i (VpD — A) — (=VpD — A) — A.
Use VpD <« DIp:=tt] A D[p:=ff] (provable by boolean induction), and the ITH
for D[p:=tt] and D][p:=ff]. 0

LEMMA (Independence of premise for decidable formulas). For decidable
formulas D we have

i (D — 3zA) — Jz.D — A.
PROOF. One can see easily that

F(D— 3zA) - D — Jz.D — A,
F; =D — dx.D — A.

Now use case distinction on decidable formulas (i.e., the lemma above). [

We now assign to every formula A an “existentially reduced” formula
A* equivalent to A. It is obtained by first moving existential quantifiers
to the front (as much as possible), and then — if they appear to the left of
an implication — changing them into universal quantifiers (again as much as
possible). Both processes are done simultaneously in the following definition.

DEFINITION (A*). In the recursive cases below, assume A* = 374, with
Ap not an existential formula, and similarly for B.

atom(t)* := atom(t),
(A N B)* := d23y. Ap N\ By,
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dy.A* — By if A is decidable,
(A— B)" :={VZ.Ag — B* else, and & not empty,
A* — B* otherwise,
(VxA)* == Vz A",
(JzA)* := Jz A"
THEOREM. F; A < A*.

PrOOF. Use independence of premise for decidable formulas. 0

3.5. Notes

I have benefitted from a presentation of Miller’s [27] given by Ulrich
Berger, in a logic seminar in Miinchen in June 1991. The type of restriction
to higher order terms described in the text has been introduced in [27]; it
has been called patterns by Nipkow [30]. Miller also noted its relevance
for extensions of logic programming, and showed that the unification prob-
lem for patterns is solvable and admits most general unifiers. The present
treatment was motivated by the desire to use Miller’s approach as a basis
for an implementation of a simple proof search engine for (first and higher
order) minimal logic. This goal prompted us into several simplifications,
optimizations and extensions, in particular the following.

e Instead of arbitrarily mixed prefixes we only use those of the form
V3V. Nipkow in [30] already had presented a version of Miller’s
pattern unification algorithm for such prefixes, and Miller in [27,
Section 9.2] notes that in such a situation any two unifiers can be
transformed into each other by a variable renaming substitution.
Here we restrict ourselves to V3V-prefixes throughout, i.e. in the
proof search algorithm as well.

e The order of events in the pattern unification algorithm is changed
slightly, by postponing the raising step until it is really needed.
This avoids unnecessary creation of new higher type variables. —
Already Miller noted in [27, p.515] that such optimizations are
possible.

e The extensions concern the (strong) existential quantifier, which
has been left out in Miller’s treatment, and also conjunction. The
latter can be avoided in principle, but of course is a useful thing to
have.

Moreover, since part of the motivation to write this exposition was the
necessity to have a guide for our implementation, we have paid particular
attention to write at least the parts of the proofs with algorithmic content
as clear and complete as possible.



CHAPTER 4

Program Extraction from Constructive Proofs

4.1. Quantifiers Without Computational Content

For program extraction it is useful to distinguish between quantifiers
with and without computational content.

4.1.1. Rules for V" and 3"°. We introduce V"¢ and 3" to indicate
that there should be no computational content. The logical meaning of these
quantifiers is unchanged. However, we have to observe a special variable
condition for Y"“-introduction: the variable to be abstracted should not be
a computational variable in the given proof, i.e. the extracted program of
this proof should not depend on x. So the rules for V"¢ are

| M | M

A Yexr A t
— 2 ynet ... and FV([M VXA T\ ne—
o r (... and x ¢ FV([M])) =] Y

Here [M] is the extracted term (or program) of M, defined below. The
derivation term for the rule V" z is written A"z M.
The existence introduction and elimination schemes

3 p: Ve.B — 3B
Jyapt @A — (Vo.A— B) - B with z ¢ FV(B).
need to be modified for the nc-versions, to
(3");p: V"=.B — 3"zB
(F")pap: 32A— (V"2.A = B) » B with z ¢ FV(B).
4.1.2. Properties of V" and 3"°.
LEMMA (V"¢ implies V). F V"2 A — Vz A.

Proor.
u: V'z A x
A +
VoA 7 °
Here only the usual variable condition needs to be observed, which clearly
is satisfied. O

LEMMA (V implies V). FVzA — V"z A, provided 7(A) = €.

PROOF.
u: VA x
A ynet g (with var.cond.)
Yz A
For the final inference to be correct we need 7(A) = ¢. 0

47
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We show that dzA implies 3"z A. The converse cannot be expected,
since there is no way to provide the z necessary to prove dx A when we only
know d"z A.

LEMMA (3 implies 3"¢). F JzA — 3"z A.

PROOF.

L.(V"¢ imp. V) (B”C);A: vz A — A"z A
(F")zan JzA Vr.A — 3"z A

dcz A

LEMMA (3"¢ implies 3°?). F 3"z A — Iz A.

PROOF. By definition, 3*zA is (Va.A — F) — F. Assume Vz.A — F.
Since this formula has no computational content (i.e., 7(Vz.A — F) = ¢),
we obtain V"“x.A — F. Now from the assumption 3"“x A the claim F' follows
by the axiom (3") 4 p. O

4.1.3. Refining Axioms Using V" and 3"¢. This distinction be-
tween quantifiers with and without computational content allows us to re-
fine our axioms. Generally, the universal closure of such an axiom should
now be done with V"°-quantifiers. For instance, the compatibility axiom is
taken to be

Eq-Compat,, 4: V"p,z1,22.71 ~ 190 — A — Alw1:=12].

The induction axioms can be refined; in case of the natural numbers we
obtain a version corresponding to iteration.

4.2. Computational Content of Proofs

4.2.1. The Type of a Formula. We assign to every formula A an
object 7(A) (a type or the symbol €). 7(A) is intended to be the type of the
program to be extracted from a proof of A. In case 7(A) = ¢ proofs of A
have no computational content; such formulas A are called Harrop formulas.

Recall that we allow free predicate variables, to be viewed as placeholders
for formulas (or more precisely, comprehension terms). Since we do not know
in advance which formula will be substituted for a predicate variable, we use
a type variable as the type of the program to be extracted from a proof of
an atom involving a predicate variable. Therefore our definition of 7(A) is
relative to a given assignment of type variables to some (see below) predicate
variables.

7(P(8) = {“P

if P is a predicate variable with assigned ap
€ otherwise

if 7(A) =

r(@ra) =" i7(d)=e
p X T(A) otherwise

if 7(A) =

T(VzPA) = c if ( ) c
p — 7(A) otherwise
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T(V"aP A) := 7(A)

A if 7(A1—;) =€
T(Ao N Ay) = {T(AO 7(A1) otherwise
7(B) ifr(A)=¢

T(A— B):={¢ ifr(B) =¢

T7(A) = 7(B) otherwise

4.2.2. The Program Extracted from a Derivation. We now de-
fine, for a given derivation M of a formula A with 7(A) # ¢, its extracted
program [M] of type 7(A).

[u?] := 27 (xZ(A) uniquely associated with u*)
DaAM] = [M] if r(A)=¢
' Az [M] otherwise

[[M [N] otherwise

if T(Al_i) =&
Mo [Mi]) otherwise

(Mg, M)

if (A1) =«
[[M ]] otherwise
[(Az M)A = AP [M]
[MY*AY] = [M]¢
[(AzPM)™ ] = [M]
[MoAe] o= 0]

[[MAO/\AI ]] =

[[MAHBN]] _ { if T(A) =

We also need extracted programs for induction, cases and 3-axioms; these
will be defined below. For derivations M4 where 7(A) = ¢ (i.e. A is a
Harrop formula) we define [M] := ¢ (¢ some new symbol). This applies in
particular if A is 3-free and contains no predicate variables.

4.2.3. Extracted Program of an Induction Axiom. Recall the ge-
neral form of induction over simultaneous free algebras i = ud K, with goal
formulas Va:;.” Aj, from Section 2.4.3. For the constructor type

Iii:ﬁ—) (0_"1 —>aj1)—>'~—> (ﬁn—>ajn) — Qj € KT(O_Z)
we have the step formula

L 1 —Hjq Gn—rlj
i'_vylv --7ymaym+1 w"?ym—i—n ..

(10) vz Ajzj i =ymr @] — - —
VZ7 Aj, (25, = Ymnd] —

A; [xj::constrg(gj')].
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— 5"1—> ; G —> 15
Here 5 = yi", ... ,yﬁ{”,ymﬂﬂ’l oo Yol are the components of the ob-

ject constrg (9) of type p; under consideration, and
VIl Ay [, =Yma1 T, - ., VI A [, =YmanT)

are the hypotheses available when proving the induction step. The induction
axiom Indf:;A or shortly Ind; then proves the universal closure (w.r.t. V") of
the formula

Dl—)—>Dk—>V$5JAJ

[Ind;] is defined to be the recursion operator Rgf Here i, 7 list only
the types p;, 7; with 7; := 7(A;) # €, i.e. the recursion operator is simplified
accordingly, as indicated in Remark 2.2.1.

REMARK. It is possible to use variants of the induction scheme, were
some or all of the universal quantifiers in the step formula (10) have no
computational content.

ExAMPLE. For the induction scheme
Ind,, 41 An:=0] = (Vn.A = Ajn:=n + 1]) — VnA
we have
[Indp 4] =Ry:T—> N—=7—=7) >N =T,
where 7 := 7(A) # e. The variant
Aln:=0] = (V"n.A — A[n:=n +1]) — VnA
has as extracted term the iteration operator of type t — (1 — 7) = N — 7.

4.2.4. Extracted Program of a Cases Axiom. Recall the cases ax-
loms from Section 2.4.4. They again refer to simultaneous free algebras
i = pa ik, and goal formulas Vm?ﬂ A;. For the constructor type

Ki=p—= (01— oj) == (0n = aj,) = a; € KT(Q)

we have the step formula

01— gy Tn—lhjp,

D = Vyit, oy, Ut oee s Ymam " Aj [2:j:=constr’ (¥)].
— 01— [ ﬂn j
Here 5 = yi"', ... ,y&m,yfr;lu“,...,y;;f“ are the components of the ob-

ject constré2 (¢/) of type p; under consideration; notice that no induction
hypotheses are available. The cases axiom Cases, 4,or shortly Cases; then
proves the universal closure of the formula

L
Dila'--,Diq —>V£ij Aj.

where D; , ..., Dl-q consists of all D; concerning constructors for p;.
[Cases;] is defined by means of the if-construct — for the reasons given
in Remark 2.2.3 — to be

[Cases;] := Afi... AfgAx[if = fi ... fq,
provided 7(A;) # e.
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ExXAMPLE. For the cases axioms
Cases,, 4: A[n:=0] — VnA[n:=Sn] — VnNA,
Cases 4: A[l:=Nil] — ¥z, lA[l:=cons(z,1)] — VIV A.
we have
[Cases, a] := AfiAfeAn[if n f1 fo],
[Cases; ] := AfiAfoAl[if | f1 f],
where we assume 7(A) # e.
4.2.5. Extracted Programs of Existence Axioms. For the axioms
EI:':B: Val A — JzP A Ex-Intro

Jpapt J2’A— (V2P.A— B) - B Ex-Elim

we set
A AxPx ifr(A)=¢
26,4 AzPAy™A) (x,y)  otherwise
G = AP AfPTB) fa if 7(A) =¢
20 ABE ) \gpxm(A) )\ pro7(A)7(B) £(20)(21)  otherwise

and for the axioms
(an);B: V'af A — I"al A Exnc-Intro
(3")pup: I2PA— (V" 2”.A— B) - B Exnc-Elim
we set

[3)F 4l =MWy

(@ ] \27(B) if 7(A)=¢
PPABETT ) AyT@AfTA=T(B) fy otherwise

4.2.6. Extracted Program of a Compatibility Axiom. For the
compatibility axiom

Eq-Compat,, 4: VP, 21, 72.71 = 29 — A — Alr1:=13]

we set

[Eg-Compat,, 4] := AyT(A)y.

4.3. Realizability

Finally we define the notion of (modified) realizability. The term “mod-
ified” is used sometimes for historical reasons, to distinguish this form of
realizability from the (earlier) Kleene-style realizability. More precisely, we
define formulas rr A, where A is a formula and r is either a term of type
7(A) if the latter is a type, or the symbol ¢ if 7(A) = e.
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4.3.1. Definition of Realizability. In order to define realizability for
atoms built with predicate variables, we have to provide for every predicate
variable P of arity p with assigned ap a new predicate variable P of arity
ap, ﬁ

pPr (7“ §) if P is a predicate variable with assigned ap
rrP(5) =
if P is a predicate constant

r(Grd) — erAlx if r(A) =¢
)1 rAlx —rO otherwise
r (Vo d) = VeerA ifr(A)=¢
~ |VazrxrA otherwise
r (@A) = IzerA ifr(A)=c¢
| 3IzrrA otherwise
r (Ve d) = VrerA ifr(A) =¢
~ |Vzrr A otherwise
erA — rrB if 7(A) =¢
r(A— B) = {VeaxrA — erB if7(A) #e=7(B)

Ve.xrA — rxzr B otherwise
erAg N rr4 if 7(Ap) =¢
I‘(A(]/\Al) = rrAg N er Ay ifT(A1)=€
rOr Ay A rlr Ay otherwise

Formulas which do not contain the existence quantifier 3 play a special role
in this context; we call them 3-free (or invariant) formulas; in the literature
such formulas are also called “negative”. Their crucial property is that for
an J-free formula A without predicate variables P with assigned ap we have
T(A) = ¢ and er A = A. In particular, we have to assign an ap to every
predicate variable P of “existence degree” # 0, which means that it can be
substituted by a formula containing 3 or other predicate variables () with
assigned ag.

For the formulation of the soundness theorem below it will be useful to
let z, := ¢ if v is an assumption variable with a Harrop formula A. The
soundness theorem says that for every derivation M of a formula B there
is a derivation p(M) of [M]r B from assumptions { 2, rC | u® € FA(M) }.
We first tackle this for the axioms.

4.3.2. Realizing an Induction Axiom. The induction axiom Indi”:’fY
or shortly Ind; proves the universal closure (w.r.t. V") of the formula

Dy — -+ — Dy, — V!’ Aj,

with step formulas D; from (10). We may assume 7(A;) # ¢ for at least one
J, for otherwise [Ind;] = ¢ and we can easily find a derivation p(Ind;) of

ex (V"°p.D1 — - — Dy, — Va7 Aj)
=V"fer (D1 — --- — Dy — Val’ Aj)
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=V"perDy = --- —erDy — Vx;jarAj.
Indeed, p(Ind;) is just Indﬁ;"“’mN’“Al""’“AN.
Recall [Ind;] = R;. Hence we must find a derivation p(Ind;) of
Rjr (Vp.D1 — --- — Dy, — V! Aj)
= Vncﬁ.RjﬁI‘ (D1 — = Dk — Vx;L] AJ)
= Vncﬁ, fl.fl rDy —---— kafk rDi — V$§L]R]f$5] I'Aj.
Notice that for the step formula D; spelled out in (10) the formula f; r D; is

defined to be (we assume for simplicity 7(A;) # ¢)

6:"7' *)p’jn

it D; =yt o yhm ,ym+lﬂjl,...,ym+n
Vzl.(Vi“’Ul ATr Aj [, =ym1Z]) = - —
Vzp,. (Vf&" 2@ Ay [z, ::ym+nf]) —
figz1...z2nT Aj [:nj::constrf(gj’)].
We proceed informally. Assume p, f1, ui: fir D1, ..., fx, ug: fxr Dy; our
goal is V:):?j R; fxf 7t A;. For the proof we use simultaneous induction w.r.t.

all \V/l‘? IR, fxf’ r A;. Hence it suffices to prove the step formulas w.r.t. the
latter induction, i.e. all formulas

rL vyt F1— by Fn—rpuj
'D’i _vy "7ym7ym+1 sy s Ym+n "

V:L‘ Rh f(merlx) I'Ajl [.le _merlf] e
i Rjnf(i’-/m—i-nw) rA; [:):jn::memg}’] —
ij(CO”Strﬁ( Y))r A [szzconstrf(g)],

P1 — gy Tn—rltj
Soassumeyl,...,ym,ym+1 AT, n

s Yman - and

Ur: VHJ Rﬂ f(ym-‘rlw) r A,]l [.%']1 ym-ﬁ-lf], SRR

Uz VO Rjnf(ym+nx) rAj [z, =YminT].

We must show ij(constr (¢)) r Aj[z;:=constr} ( j)]. For the proof use ufl r Dy

with

v, (Rhf) O Ym+1,V1,-- -, (R]nf) O Ym~+n, Un
and recall that

R; f(constr () = fig (R, f)o Ymt1) - - ((R;nf) O Ymtn)-

ExaMpLES. Consider a particular induction axiom, say on the natural
numbers N:

Indj, a: V"D A[n:=0] — (Vn.A — A[n:=n+ 1]) — VnA.
We must find a derivation p(Ind,, 4) of
[Indy ] T (V"B.A[n:=0] = (Vn.A — A[n:=n +1]) = VnA).
Case T7(A) # €. Then [Ind,, 4] = R{; and we obtain
Ryt VpAn:=0] — (Vn.A — A[n:=n+1]) - VnA
=V"pVfi.fir Ajn:=0] = Vfa.for (Vn.A — Aln:=n+1]) —
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Vn(Ri fifanr A)
=V"pVf1.fir Aln:=0] = Vfo.(Vn,y.yr A — fonyr Aln:=n + 1]) —
Vn(Ri fifanr A)

Hence we can define p(Ind, 4) to be the obvious inductive proof of this
formula, which uses the induction axiom

—

Indn,(RTNflfgnrA) : Vncp.
(R fifonr A)[n:=0] —
(Vn. RN fifonr A — (RN fifanr A)ni=n+1]) —
V(RN fifanr A).
Notice that because of our identification of SnR-equivalent terms this is the

same as

Ind,, (Rz, f1 fanr 4): V"D

fir An:=0] —
(Vn. R fifanr A — fon(Ry fifan)r Ani=n+1]) —
V(R fifanr A).
Let
ur: fir A[n:=0]

ug: Vn,y.yr A — fonyr Aln:=n + 1]
v: Rgfifenr A
be assumption variables. Then the proof term is
ADA frdur A faduz.Indy, (7 ) fon v A)PUL (ARAV.u2R (R f1.f2n)v)
Case T(A) = €. Then [Ind,, 4] = € and we obtain
erV"pAln:=0] — (Vn.A — A[n:=n+1]) - VnA
=V"perAn:=0] —» (Vn.er A — er Ajn:=n+1]) —
Vn(er A)
=V"p.(er A)[n:=0] —» (Vn.er A — (er A)[n:=n + 1]) —
Vn(er A).

Hence we can define y(Ind,, 4) = Ind,, (o1 4)-
Let us also treat an example of simultaneous induction. Consider an
induction axiom for the simultaneously generated free algebras tree and tlist:

Vp.¥nA[b:=Leaf n] —
(Vbs.B — A[b:=Branch bs]) —
Bl[bs:=Empty] —
(Vb, bs.A — B — B[bs:=Tconsb bs]) —
VbA
Case T7(A) # ¢ # 7(B). Then [Indy s 48] = ADRiree and we obtain
(writing f for fifafs fa)
ADRiree T V"DV A[b:=Leaf n| —



4.3. REALIZABILITY 55

(Vbs.B — A[b:=Branch bs]) —
Blbs:=Empty] —
(Vb, bs.A — B — Blbs:=Tconsb bs]) —
VbA
=V"pVf1.firVnA[b:=Leaf n| —
Vfa.for (Vbs.B — A[b:=Branch bs]) —
Vfs.fsr B[bs:=Empty| —
Vfa.far (Vb, bs.A — B — Blbs:=Tconsb bs]) —
Vb(Reree for A)
=V"pVf1.¥n(finr Alb:=Leaf n]) —
Vfa.(Vbs,y.yr B — fo bsyr Alb:=Branch bs]) —
V' f3.f3r B[bs:=Empty| —
Vf4.(Vb, bs,y1.y1° A = Yys.y2r B —
fabbsyi yar B[bs:=Tconsb bs]) —
Vb(RtreefbrA)

Hence we can define p(Indp 4s.4,8) to be the expected inductive proof of this
formula, which uses the induction axiom

Indb’bs7(Rt'eefbrA)»(Rtlistfbs rB) : anﬁvf

Vn(Rtreefb r A)[b:=Leaf n| —
(Vbs. Ruist S bs T B — (Riree fbr A)[b:=Branch bs]) —
(Rujisefbs v B)[bs:=Empty] —
(¥b, bs. Riree fOT A — Ruise fosT B —
(Ruiistf bs  B)[bs:=Tcons b bs]) —

Vb(Riree for A)
Because of the recursion equations
Rueef(Leafn) = fin
Rtreef(BranCh bs) = fa bs(Rtnstfbs)
Rulist SEmpty = f3

Ruist S (Tcons b bs) = f4 b bs(Reree f0) (Ruist.f bs)

and our identification of SnR-equivalent terms this is the same as

INd, b (Rusee for A),(Ruse fs v B) VRV,
Vn(finr Alb:=Leaf n]) —
(Vbs. Rejist fbs T B — fo bs(Ryjist f bs) r A[b:=Branch bs]) —
far B[bs:=Empty] —
(Vb, bs. Riree fOT A — RyisefbsT B —
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F4b bs(Reree fb) (Rujst f bs) r B[bs:=Tcons b bs]) —
Vb(Riree fbr A)
Let

uy: Vn(finr Alb:=Leaf n))
ug: Vbs,y.yr B — fo bsyr A[b:=Branch bs]
us: fzr B[bs:=Empty]
ug: Vb, bs,y1.y1 v A — Yyo.yar B — f1bbsyy yor B[bs:=Tcons b bs|
be assumption variables. Then the proof term is
ADAf1 )\Ul)\ngUQ)\f;;)\u?,)\f;l)\’LM.|ndb’b87(Rtreef‘brA)7(Rt”stf*bs rB)ﬁf
wr (Abs.uz bs(Ruise £ ) Jus (ADADs s b b (Reree fb)0( Rt f1s))
Case T(A) =€ # 7(B). Then [Indy 55,4, 8] = € and we obtain
erV"p.VnAlb:=Leaf n] —
(Vbs.B — Alb:=Branch bs]) —
B[bs:=Empty] —
(Wb, bs.A — B — B[bs:=Tconsb bs|) —
VbA
=V"plerVnA[b:=Leaf n| —
er (Vbs.B — A[b:=Branch bs]) —
V' fs.fsr B[bs:=Empty| —
Vfa.far (v, bs.A — B — Blbs:=Tconsb bs]) —
Vb(er A)
=V"p.Vn(er Alb:=Leaf n]) —
(Vbs,y.yr B — er A[b:=Branch bs]) —
V' fs.f3r B[bs:=Empty| —
Vfs. (Vb bs.er A — Vya.y2r B —
fabbsyar B[bs:=Tconsb bs]) —
Vb(er A)

Hence we can define p(Indp 4. 4,8) to be the expected inductive proof of this
formula, which uses the induction axiom

Indy b (e v A),(F s fabse B): V' DV S35 fa.
Vn(er A)[b:=Leaf n] —
(Vbs.F f3fsbsr B — (er A)[b:=Branch bs]) —
(F f3fsbsr B)[bs:=Empty] —
(Vb,bs.er A — F fsfabst B —

(F f3fabst B)[bs:=Tconsb bs|) —
Vb(er A)
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with f defined by the recursion equations
F f3 f4Empty = f3,
Ffsfy(Tconsbbs) = fybbs(F fsfabs).
By our identification of gnR-equivalent terms this is the same as
Indy, b, (c v A),(Ffsfabse B): V' PV S35 fa.
Vn(er Alb:=Leaf n]) —
(Vbs.F fs fabsr B — er A[b:=Branch bs]) —
fsr Blbs:=Empty] —
(Vb,bs.evr A — F fsfybsr B —
fabbs(F f3fybs)r B[bs:=Tconsb bs]) —
Vb(er A)
Let
uy: Vn(er Alb:=Leaf n])
ug: Vbs,y.yr B — er A[b:=Branch bs]
usg: fsr B[bs:=Empty]
ug: Vb, bs.er A — Yys.yar B — f4bbsyar Blbs:=Tconsb bs]
vi:er A
vo: Ffsfybsr B
be assumption variables. Then the proof term is
APAuL AU A f3aAug A fahug.Indy ps (e v 4),(F f3 fabs v B)PS3f4
up(Abs.ug bs(F f3 f1bs))ug(AbAbsAvy.ug b bs v1 (F f3 fabs)ve).
Case T(A) # € = 7(B). Then [Indy 55,4, 8] = F and we obtain
FrvY"p¥nAlb:=Leaf n| —
(Vbs.B — A[b:=Branch bs]) —
B[bs:=Empty] —
(Vb, bs.A — B — B[bs:=Tconsb bs]) —
VbA
=V"pVfi.firVnAb:=Leaf n] —
Vfa.for (Vbs.B — A[b:=Branch bs]) —
er Blbs:=Empty] —
er (Vb,bs.A — B — B[bs:=Tconsb bs]) —
Vb(F f1 fabr A)
=V"pVfi.vn(finr Alb:=Leaf n]) —
Vfa.(Vbs.er B — for A[b:=Branch bs]) —
er Blbs:=Empty] —
(Wb, bs,y1.y1r A — er B — er Blbs:=Tconsb bs]) —
VO(F f1fobr A).
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Hence we can define p(Indp 45, 4 5) to be the expected inductive proof of this
formula, which uses the induction axiom

Indy b, (Ff1 fobr A)(cx B): V" DV S, fo
Vn(F f1fabr A)[b:=Leaf n] —
(Vbs.ex B — (F f1fobr A)[b:=Branch bs]) —
(er B)[bs:=Empty] —
(Wb, bs.F' f1 fabr A — exr B — (er B)[bs:=Tcons b bs]) —
Vb(F f1fabr A)
with F' defined by the recursion equations
Ffyfa(Leafn) = fin,
F fy fo(Branch bs) = fo bs.
By our identification of gnR-equivalent terms this is the same as
Indy b, (cr ), (ex By V" DV S1, fo-
Vn(finr Alb:=Leaf n]) —
(Vbs.ex B — fo bsr A[b:=Branch bs]) —
er B[bs:=Empty] —
(Wb, bs.F f1 fabr A — er B — er Blbs:=Tcons b bs]) —
Vb(F f1 fabr A)
Let
uy: Vn(finr Alb:=Leaf n))
ug: Vbs.er B — fabsr A[b:=Branch bs]
ug: er B[bs:=Empty]
ug: Vb, bs,y1.y1r A — er B — er Blbs:=Tconsb bs]
be assumption variables. Then the proof term is
APA frdur A fadug Auz Aug Ab.Indy, 45 (1, fopr A), (e v BYPS1S2
(An.uin)(Abs, v1.ug bs v1)usg(Ab, bs, vfflfzbrA, 05 B uy b bs(F f1 fob)viva)b
4.3.3. Realizing a Cases Axiom. The cases axiom Cases% A, or shortly
Cases; proves the universal closure (w.r.t. V") of the formula
Dj; = -+ — Di, = Va7 Aj.
where D;; — -+ — D, consists of all D; concerning constructors for ;.

We may assume 7(A;) # €, for otherwise [Cases;] = ¢ and we can easily
find a derivation p(Cases;) of

er (V"°p.Di, — --- — D, — Val Aj)
:\V/(:_'.EI'(DZ'1 _>"‘_>Diq —>VQS§LJAJ)
v

n
nc . . Hj .
perDy — - —erD;, —>ij erAj.

Indeed, p(Cases;) is just Cases; cr4;-
Recall

[Cases;] = Afi... Afghz[if « f1 ... fql.
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Hence we must find a derivation p(Cases;) of
MioMAxlit @ fi oo fylr (V"p.Diy — -+ = Dig — Va!7 Aj)
=YD Afalif @ fi .. fy]r (Dip — - — Dig — VCL'?j Aj)
= VPV f1.fir Diy — -+ = Vfy.fyr Dig = Vel [if x5 fi ... fy]r A
Notice that for the step formula D;, the formula f,r D;, is defined to be

G1— iy Fn=rHjn

(2T S VS VA S TR R 78 Aj[:zj::constré;(gj)].
We proceed informally. Assume p, f1, ui: fir Diy, ..., fq, ug: fgr D;,; our
goal is Va;?j[if xzj fi ... fgrAj. For the proof we use the cases axiom
w.r.t. Vx;-Lj [if z; f1 ... fq]r A;. Hence it suffices to prove the step formulas
w.r.t. the latter cases axiom, i.e. all formulas
m a g On— in
D =Yyt .y Yt Lo Y
[if (constr} (7)) f1 ... fq] T Ajlzj:=constr] (§)].

But this follows from [if (constri(g’)) fi ... fql — fpy. Hence the proof
term is

APA[iAur - AfqAugCasesy 35 o) g1 . fo)r A, 001 - - - Ug-

with ¢ the parameters of Cases,. (i 4, f; .. fo]rA;-

4.3.4. Existence Introduction and Elimination. Consider an ex-
istence introduction axiom
EI;A: V'pVr. A — P A.
We must find a derivation M(EI::A) of [[EI;;A]] rvV"pVve. A — JaP A.
Case T7(A) = . Then [[EI;A]] = Azz and we obtain
(Azx) rV"pVr.A — Iz A =V"pVa.xr (A — JzA)
=V"pVz.er A — zrdzA
=V"pVz.erA —erA.

Hence we can define M(E!; 1) = APAzAuw.
Case 7(A) # €. Then [[EI;A]] = AxAf(x, f) and we obtain

Az f(z, f)eV"pVe.A — JxA
=V"pVa, f.frA— (z, f)rIzA
=V"pVx, f.frA— frA

Hence we can define pu(3 ;) = ApAzA f uu.
Consider now the existence elimination axioms

Jpap: VP IrA — (VoA — B) = B with z ¢ FV(B).
We must find a derivation p(3, 4 ) of

[Braplt VP 32A = (Vo.A — B) = B.
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Case T(A) = e = 7(B). Then [ 4 p] = ¢ and we obtain
erV"p.3zA - Vz.A— B) - B
=V"pVr.xrIzA — er((Vz.A— B) — B)
=V"pVr.erA »er(Vo.A— B) »crB
=V"pVr.erA - Veer(A— B) »erB
=V"pVr.erA - (Vo.er A »erB) —»erB.

Hence we can define pi(3, 4 p) = ApAzAudv.vzu.
Case 7(A) # & = 7(B). Then we again have [3, , 5] = ¢ and we obtain
erV'"p.dzA - (Vz.A— B) —» B
=V"pVf.frIzA—er((Vz.A— B) = B)
=V"pVf.(f1)r Alz:=f0] - er (Vz.A— B) - erB
=V"pVf.(f1)r Alz:=f0] - Vezer(A— B) - erB
=V"pVf.(f1)r Alz:=f0] — (VaVg.gr A - er B) — er B.
Hence we can define p(3, 4 p) = APAfAudv.v(f0)(f1)u.
Case T(A) = & # 7(B). Then [3, 4 p] = AzAz(2z) and we obtain
AxAz(zz)rV"p. Iz A — (V2. A — B) - B
=V"pVr.xrIrA — Az(zz)r ((Vo.A — B) — B)
=V"pVrerA —Vzzr (Vo.A— B) —» zar B
=V"pVrerA —»VzVrzer (A — B) = zar B
=V"pVrerA - Vz.(Vex.er A — zar B) — zzxr B.

Hence we can define p(3, 4 p) = APAzAuA2 v.07U.
Case T(A) # ¢ # 7(B). Then [, 4 5] = AfAz(2(f0)(f1)) and we
obtain
AfAz(z(f0)(f1)) rV"p.3zA — (V2.A— B) — B
=V"pVf.frazA — Xz(2(f0)(f1))r ((Vz.A — B) — B)
=V"pVf.(f1)r Alx:=f0] —
Vz.zr (Vz.A — B) — z(f0)(f1)r B
=V"pVf.(f1)r Alx:=f0] —
Vz.(Vx,g9.9r A — zzgr B) — 2(f0)(f1) r B.
Hence we can define p(3, 4 p) = APAfAudzAv.o(f0)(f1)u.
The treatment of the introduction and elimination axioms for the quan-

tifiers V"¢, 3" is somewhat different: we will need other instances of these
axioms in our derivations. Consider an existence introduction axiom

(EI”C);A: Vep . A — I"aP A.
We must find a derivation p((3")} ) of [(3") 4] rV"p, z.A — Iz A.
Case 7(A) = . Then [[(EI"C);A]] = ¢ and we obtain
erV'px.A — I"cA=V"pirer (A — I"°zA)
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=V"p xerA— erI™zA
=V"p,z.er A — I"z.er A.

Hence we can define ,u((EI”C);r’A) = (EI”C)I’”A.

Case T7(A) # e. Then [(3")] ,] = Ayy and we obtain
AyyrV'p x. A — Iz A
=V"p,z yyr (A — Iz A)
=V"p zVy.yr A — yr3I"zA
=V"p,aVyyr A — I"zyr A
Now observe that 7(yr A) = &, hence we can equivalently replace Vy by
V"¢y. Therefore we can define p((3")) ;) = A"p, x,y.(ﬂ”c);ryrch’x with ¢

the free variables of yr A.
Consider now the existence elimination axioms

(3")pap: VpI"2A — (V" z.A — B) - B with z ¢ FV(B).
We must find a derivation x((3"), 4 ) of
[((3");aplrVP.I2A — (V*2.A — B) — B.
Case 7(A) = e = 7(B). Then [(3"), 4, p] = € and we obtain

erV"p.3"zA - (V*“2.A— B) » B
=V"perd"cA —er((V*2.A — B) — B)
=V"*pI"cerA—er(V*c.A— B) »erB
=V"*pI"cerA >V er(A— B) »erB
=V"pI"cerA— (V" zerA—erB) »erB.

Hence we can define ((3"), 4 5) = (3"),, [Todo: check the next

rerAer B*
three cases]
Case T7(A) # ¢ = 7(B). Then again [(3"°)_ 4 z] = ¢ and we obtain

erV"p.ad"2A — (V"“2.A — B) - B
=V"pVy.yrI"zA - er ((V"2.A - B) —» B)
=V"pVy.I"x yr A - er (V2. A — B) > erB
=V"pVy.3"“zyrA -V cer(A— B) »erB
=V"pVy. Iz yr A - (V"aVy.yr A > er B) —» er B.

Here again we can equivalently replace Vy by V"“y, and then use the general
fact that F (V"“2.A — B) <> (I"“zA — B). So our claim is equivalent to

Vg a3y yr A —» (V2.3 y yr A - er B) - er B,

which is the axiom (Elnc)a:,ﬂncyyrA,srB‘ To spell out the derivation term, let
P = q¢i,q> with ¢i the variables free in B, ¢ those free in A, and ¢3 those
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free in A with x removed. The derivation term is
nc - Iz yr Ay, V'aVy.yr A—er B ncy— :
A" pAYy AU Av (3" zancy yracr MMz with
eIty yr A | ncy— =
M1 T (El )x,yrA,H”Cx,y yrAq3yu

nc rA onc = (rnc —
()‘ .’L‘)\yAUZl/ (El );H"Cy yrAQ2((E| );:yrquyul))
V'r. 3y yr A—er nc IyyrA anc\— — nc
M, vyrd=erB .\ zAuy VT3 )ywr Acr pPU2(Ay.0TY)
Case T(A) = € # 7(B). Then [(3"), 4 ] = A2z and we obtain
AzzrV"p.3"2A —» (V"2.A — B) — B
=V"perIzA - Azzr (V"2.A — B) — B)
=V'p.I"“cerA —Vzzr(V2.A— B) - 2rB
=V'p.I"cerA—V2V"22r(A— B) - 2rB
=V'"p.I"cerA — V2. (V" zer A - 2rB) —» zr B.

This is equivalent to

Vp,z.3"zer A — (V"“z.er A —» zrB) —» zr B,

which is the axiom (3")_ _,. 4., 5
Case T(A) # € # 7(B). Then [(3"), 4 5] = AyAz.zy and we obtain

(MyAz.zy) e V"p.I"2A - (V“2.A— B) —» B

=V"pVy.yrI"“zA — Az.zyr ((V*2.A — B) — B)

=V"pVy.3"z yr A - Vz.zr (V"z.A - B) — zyr B

=V"pVy.3"z yr A — Vz.(V"“aVy.y1r A — zy1r B) — zyr B.
This follows from

Vg, z,y 3"z yr A - (Vy.3"z yr A — zyr B) — zyr B,

which is the axiom (3"), Juc, 4 Ay r B-
4.3.5. Compatibility. Consider a compatibility axiom
Eq-Compat,, 4: V"pVa1, v0.71 = 12 = A — Alr1:=22].
We must find a derivation j(Eq-Compat,, 4) of
[Eq-Compat,, 4] r (V"pVa1, 22.21 ~ 20 — A — Alz1:=x9]).

Case 7(A) = €. Then [Eg-Compat,, 4] = ¢ and we clearly can define
p(Eq-Compat,, 4) := Eq-Compat,, ., 4.
Case T(A) # €. Then [Eq-Compat,, 4] = Az1AzaAf f and we obtain

A1 Az A f V" pVr, 2021 = xg — A — Alxr:=x9]
=V"pVry, x0.x1 R xg = V. frA— frAlrii=xq

Hence we can define

11(Eq-Compat,, 4) := ApAz1 Az Au™ "2\ f.Eq-Compat,, (fy ) fDT172U.
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4.3.6. The Soundness Theorem. Recall that z, := ¢ if u4 is an
assumption variable with a Harrop-formula A.

THEOREM (Soundness). If M is a derivation of a formula B, then there
is a derivation u(M) of [M]r B from {z,rC | u® € FA(M)}.
Proor. Induction on M.
Case u: A. Then u: x,r A. Let p(u) := a.
Case c: A, c an axiom. These cases have been treated above.
Case \u*MP. We must find a derivation p(AuM) of
[MubM]r (A — B).
Subcase T(A) = e. Then [AuM] = [M], hence
[MuM]r(A— B) = erA — [M]rB.
By IH we can define p(AuM) := Aup(M) with a: er A.
Subcase T(A) # ¢ = 7(B). Then [AuM] = ¢ and
[MuM]r(A— B) = VxaxrA — erB,

and by IH we can define p(AuM) := Az, Aap(M) with @: x, v A.
Subcase 7(A) # & # 7(B). Then

[MuM]r(A— B) = VzarA — [AuM]zrB

Because of [AuM] = Az,[M] and since we identify terms with the same
B-normal form, again by IH we can define p(AuM) := Az, up(M).
Case MA7BNA. We must find a derivation u(MN) of [MN]r B.
Subcase T7(A) = . Then [MN] = [M]. By IH we have derivations
w(M) of
[M[r(A— B) = erA — [M]rB
and (V) of er A; hence we can define (M N) := u(M)u(N).
Subcase T(A) # e = 7(B). Then [MN] = . By IH we have derivations
w(M) of
[M]r(A— B) = VzarA — erB
and p(N) of [N]r A; hence we can define u(MN) := pu(M)[N]u(N).
Subcase T(A) # € # 7(B). Then [MN] = [M][N]. By induction
hypothesis we have derivations u(M) of
[M][r(A— B) = VzarA — [M]zrB

and p(N) of [N]r A; hence we can define u(MN) := pu(M)[N]u(N).
Case (MJ‘O, M), We must find a derivation p((Mo, M;)) of

[(Mo, M1)]x (Ag A Ay).
Subcase T(Ag) = = 7(A1). Then [(My, M1)] = ¢, hence
[[<M0,M1>]]I‘(A0/\A1) = erAyg N er Ay

and by IH we can define u({(My, Mi)) := (u(My), n(My)).
Subcase T(Ag) =€ # 7(A1). Then [(My, M;)] = [M;], hence

[[<M0,M1>]]I’(A0/\A1) = erAy A [[Ml]]I'Al

and by IH we can define pu((Mo, M1)) := (u(My), u(My)).
Subcase T(Ag) # € = 7(A1). Similar.
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Subcase T(Ag) # € # 7(A1). Then [(My, M1)] = ([Mo], [M1]), hence
[[<M(), M1>]] r (AO N Al) = [[M()]] rig A |IM1]] rA;

and by IH we can define pu({(My, M1)) := (u(My), u(My)).
Case (M40"10). We must find a derivation p(MO0) of

[[MO]] I‘Ao.

Subcase T(A1) = €. Then [MO] = [M]. By IH we have a derivation
u(M) of
[M]r(AoAN A1) = [M]rAg A erA;.
hence we can define p(MO0) := pu(M)O0.
Subcase T(Ag) = € # 7(A1). Then [MO0] = e. By IH we have a derivation
(M) of
[[M]]I’(Ao/\Al) = erAy A |IM]]I‘A1.
hence we can define pu(MO0) := u(M)0).
Subcase T(Ag) # € # 7(A1). Similar; we can define p((Mo, M;)) =
(n(Mo), p(My)).
Case M40, Similar.
Case \zM*. We must find a derivation p(AzM) of [AzM]rVzA. By
definition [AzM] = Az[M].
Subcase T(A) = €. Then

Az[M]rvVzA = VzerA

and by IH we can define u(AzM) := Azu(M). The variable condition is
satisfied, since AzM is a derivation term, and hence z does not occur free
in any assumption variable u: B free in M4, hence also does not occur free

in the free assumption u: x, r B.
Subcase T(A) # e. Then

Az[M]rVzA = Vz.(\z[M])zr A.

Since we identify terms with the same g-normal form, by IH we again can
define pu(AzM) := Azu(M). As before one can see that the variable condition
is satisfied.

Case M"*4t. We must find a derivation u(Mt) of [Mt]r A[z:=t]. By
definition we have [Mt] = [M]t.

Subcase T(A) = e. By IH we have a derivation of

[M]rVzA = VzerA

hence we can define pu(Mt) := u(M)t.

Subcase T(A) # e. By IH we have a derivation of

[M]rvVzA = Vz[M]zrA,

hence we again can define p(Mt) := pu(M)t.

Case (A\zM)""*4. We must find a derivation u(AzM) of [AzM]r V"2 A.
By definition [(AzM)"" 4] = [M].

Subcase T(A) = €. Then

[M]rV"2A = VzerA

and by TH we can define pu((A\zM)""*4) := Azu(M). The variable condition
is satisfied, since (AzM)""*4 is a derivation term, and hence z does not
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occur free in any assumption variable u: B free in M#, hence also does not
occur free in the free assumption @: x, r B.
Subcase T(A) # €. Then

[M]rV™zA = Vz[M]rA.

By IH we again can define p((A\zM)"" *4) := Azu(M). As before one can
see that the variable condition is satisfied.

Case M""*4t. We must find a derivation p(Mt) of [Mt]r A[z:=t]. By
definition we have [Mt] = [M].

Subcase T(A) = e. By IH we have a derivation u(M) of

[M]rvV"zA = VzerA

hence we can define pu(Mt) := u(M)t.
Subcase T(A) # . By IH we have a derivation u(M) of

[M]rvV™zA = Vz[M]rA.
Define p(Mt) := u(M)t, since we can assume that z ¢ FV([M]). 0

If B is 3-free, then er B = B. Hence for Va*3y° B with 3-free B we have
T7(Vx3yB) = p — o and

trVa3dyB = VaBly:=tz].

Then as a corollary to the soundness theorem we obtain the extraction
theorem

CoRrOLLARY (Extraction). From a derivation M : VxP3y°B with B 3-
free from 3-free assumptions I' one can extract a closed term [M]P~ such
that the formula VxBly:=[M]z] is provable from I". 0O

Here I should be viewed as lemmata, i.e. true formulas (proved sepa-
rately, to keep M short). The theorem says that the extracted program is
independent of how this shortcut is achieved.

4.4. Case Studies
4.4.1. Fibonacci Numbers. Let o, be the n-th Fibonacci number,

ie.

ag =0

a1 = 1

Qy = Qp_o + a1 forn > 2
Here is a naive SCHEME-program to compute them
(define (f n)

(if (=n 0
0
(if (=1 n)
1

+ (¢ (-n2) (¢ (-n1))))))
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Clearly this program is very inefficient, since it leads to many recompu-
tations. Our goal here is to demonstrate that deriving a program from a
constructive proof of the existence of Fibonacci numbers avoids the imme-
diate source of the inefficiency.
We first build a constructive existence proof for the Fibonacci numbers.
(set-goal
(pf "GOO ->G11->
(all n,k,1.G n k -> G(n+1)1 -> G(n+2) (k+1)) ->
all nex k,1. Gn k & G(n+1)1"))
(assume "Init-Zero" "Init-One" "Step")
(ind)

; Base
(ex-intro (pt "0"))
(ex-intro (pt "1"))
(prop)

; Step

(assume "n" "IH")

(by-assume-with "IH" "k" "IH-k")
(by-assume-with "IH-k" "1" "IH-1")
(ex-intro (pt "1"))

(ex-intro (pt "k+1"))

(search)

The extracted program can now be obtained as follows.

(define Fib-neterm
(nt (proof-to-extracted-term
(theorem-name-to-proof "Fib"))))

The extracted term is obtained by
(term-to-string Fib-neterm)
which yields
(Rec nat=>nat@@nat) (0@1) ([n1,p2]right p2@left p2+right p2)
This clearly is a linear algorithm. To run it, type
(pp (nt (make-term-in-app-form Fib-neterm (pt "13"))))
which yields
2330377
We can also use an “external” extraction, yielding Scheme code:
(term-to-expr Fib-neterm)
produces

((natrec (cons 0 1))
(lambda (n1)
(lambda (p2) (cons (cdr p2) (+ (car p2) (cdr p2))))))

To run this code, we need to give a Scheme-definition of natrec, that is
recursion on the natural numbers:
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(define (natrec init)
(lambda (step)
(lambda (n)
(if (= 0 n)
init
((step n) (((natrec init) step) (- n 1)))))))
This again is a linear algorithm. We will see later that a classical proof
yields a linear algorithm as well, which however uses functions instead of
pairs.

REMARK. There are other algorithms to compute the Fibonacci numbers
Qp, Which run in logarithmic time. By definition we have

01 Qn—2) _ On—1 _ [Gn—1
11 Qp—1 Qp—2 + Qp—1 Qp ’

hence with A = ((13 %) c R2x2

()=o)

So an easy way to compute the Fibonacci numbers is by computing the
powers of A. This can be done in time O(log(n)), since

A2n — (An)Q
A2n+1 _ AQn A

It is possible to obtain this algorithm as computational content of a proof:
Use u, v to denote vectors in Z2? and X,Y to denote matrices in Z?*2. Let
G(n,u) mean that u is the vector of the n-th and (n + 1)-th Fibonacci
number. G can be axiomatized by

a1, @) G(n, <g>) S Gln+1, <a ; /3) ).

Then prove by induction on the positive (binary) numbers n
VYnaXVm, u.G(m,u) — G(m + n, Xu).

Clearly this X must be A".

Using some linear algebra, one can even give an explicit formula for «,,.
To this end we first diagonalize the matrix A. The general recipe runs as
follows. Form B := A, hence B = A in our case. The eigenvalues can be
computed as the zeros of the characteristic polynomial py = |A —tE| =
—t(1—t) —1=1>—t—1. So the eigenvalues are \; o = LQ‘/g We now
compute eigenvectors for these eigenvalues.

For A\ = % Let x = (g; ), and solve the linear equation system

—A1 1 &\ (0
1 1-X/)\&) \o/)°
So —A& + £=0. For & = 1 we obtain & = A, so z1 = (/\11) is an

1-v5 1
2

eigenvector. For Ay = we similarly obtain gy = ( Ao ) as an eigenvector.
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For the dimensions of the eigenspaces and the multiplicities of the eigen-
values we obtain

dim(Eig(fp, A1) =1 = pu(ps, A1)
dim(Eig(f5, A2)) =1 = u(ps, A2),

so the matrix B is diagonalizable, and ( )\11 ) ( /\12) is a basis of R? consisting
of eigenvectors of fp. Let

(1 1 ot (1N
r=(y n) S=T=(1 3)

Then the general theory yields

o (M0 RS S VRS
SAsS _D._(O A2>, st ()

We can now give an explicit formula for A™ and hence also for the Fibonacci
numbers.

A" = (S7IDS)"
=(S7'DS)-...-(S7'DS)

n times

=S1p"s

a1l (A0

=9 <o A 5

(AT 0\ (1 N

5 <o LY ANEDY
(At

° <A3 A

1 e =) (A7 AT
S -\ 11 Ap At

1 (Aguz —ABAL AT — A1Ag+1>

VB SATEAR AT AR
R VD N NS Y .
. Ade = —1
5 ( SAT AR apthgnpet ) REE A
_ 1 /Bn—l Bn : . \n n
= % < Bn Bn+1> with 571 = )\1 - )\2.

Hence by the above
() =55 (50 a) O)
Qnt1 VE\ Bn But1) \1/)°
In particular we then have for «,
- - 1+v5\" (1-v5)"
-l () ()]

Other examples for program extraction from constructive proofs are
abundant in the literature. Major case studies done in our group include the

1 1

Qp
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development of the Warshall algorithm in [11], and of the Dijkstra algorithm
in [4].

4.4.2. The Warshall Algorithm. Our language consists of the fol-
lowing relation and function symbols. We deal with a binary relation R on

{0,1,...,n—1}, whose transitive closure is to be determined.
kex k occurs in the path z,
Rf(x) x is a repitition free path,

Pi(z,j,k) = is an R-path from j to k whose inner elements are < i,

x|y concatenation,

where the concatenation function z | y is defined as follows. If x and y are
paths with the same end and initial point, then x | y is the path obtained
by concatenating the two, where the same end and initial point is used only
once. If end and initial points are different, the result is the empty list e.

We list the used properties (“Lemmata”) without computational con-
tent.

) Pi(z,j,k) = Piyi(z,j, k)

) Po(z,j,k) — j #k— R(j,k)

13) Pi(x,j,1) — Pi(y,i,k) = Piyi(z |y, 4, k)
) Pi(x,j,i) = Rf(z) = Pi(y,i,k) = Rf(y) = Vz=Pi(z,j,k) = Rf(z | y)
) Pivi(x,j, k) = =Py, j, k) = 3y Pi(y, j,0)

16) Pii1(z,j, k) = —Py(z, 5, k) — 392 Py(z,i, k)

The last two propositions contain the main idea of the proof: if there is a
path from j to k whose inner elements are smaller than 741, but not smaller
than 4, then there exist (classical existence!) paths from j to i and from i to
k with inner elements smaller than i. Proposition (14) can be seen as follows:
under the given hypothesises z | y could only contain a repetition if x and
y have a common inner element. But this would contradict Vz—F;(z, j, k).

We now give a constructive proof of the present ¥3-Proposition. We first
formulate the claim, that for our relation R (suppressed in the notation) and
given i, j, k there is a path = with the following properties.

e If x is the empty list €, then there is no R-path from j to k& with
inner elements < 4, and

e if x is not the empty list €, then x connects the nodes j and k, has
inner elements < ¢ and is repitition free.

ProOPOSITION (Warshall).
Vi, 7, k‘EI:L‘.(:B =e— Yy-Pi(y,J, k‘)) A (;L‘ #e— Pi(x,5,k) A Rf(x)).

PRrROOF. Induction on i. Base i = 0. Given j, k.

Case j = k. Choose z := j:. Then Py(j:,j, k) because of j = k and
Rf(j:) by definition.

Case j # k.

UCase R(j,k). Choose z := j :: k:. Then we have Py(j :: k:, j, k)
because of R(j, k) and Rf(j :: k:) because of j # k.
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UCase ~R(j, k). Choose = := e. We must show Yy—Py(y, j, k). Let y be
given, and assume Py(y, j, k). Then R(j, k) by (12), a contradiction.

Step i + 1. Given j, k. By IH we have z;. Tp find: x;11.

Case x; = €. Then Vy—P;(y, j,k). By IH we have z; j; and x; ; .

SubCase x;;; = e. Then Vy—P;(y,j,1). Let ;41 = e. Given y. As-
sume P, 1(y,j, k). by (15) (because of —Pi(y,j, k)) we have 3¢y P;(y, j,1).
Contradiction.

SubCase x;;; # €.

SubSubCase x; ;1 = €. Then Vy—Pi(y,i,k). Let ;41 = €. Given y. As-
sume Piy1(y, j, k). By (16) (because of =P;(y, j, k)) we have 392 Pi(z,i, k).
Contradiction.

SubSubCase x; ;1 # €. Let 241 := x| i, % Then Piyi(zit1,j,k) by
(13) and Rf(zi4+1) by (14), since Yy—F;(y, j, k) follows from z; = e.

Case x; # €. Choose x;y1 := x;. Then Rf(x;11) and P;(x;41, 7, k), hence
Pit1(zisy1, g, k) by (11). 0

From a formal proof of this proposition we can extract the following
program: (original output of MINLOG, with renaming of bound variables,
and indentation added)

[r] (Rec 1 nat=>nat=>boole nat=>nat=>nat=>1list nat)r
([,k][if (G=k) ([x6,x7]1x6) ([x6,x7]1x7)]1j:
([if (r j k) ([x6,x7]1x6) ([x6,x7]1x7)]1(j::k:)(Nil nat)))
([i,£,5,k]
[if (f j k=(Nil nat)) ([x8,x9]1x8) ([x8,x9]1x9)]
([if (f j i=(Nil nat)) ([x8,x9]1x8) ([x8,x9]1x9)]
(Nil nat)
([if (f i k=(Nil nat)) ([x8,x9]1x8) ([x8,x9]1x9)]
(Nil nat) (f j ilf 1 k)))
(f j k)
To make this program more readable, we give the (primitive) recursion equa-
tions for the defined function f. For given i, j, k they either yield a path
from j to k with innee elements < ¢ or else the empty path e.

f(0,5,k) = if j=Fk then j: else
if Rjk then j:k: else € fifi
fle+1,5,k) = if f(i,j,k) =€ then
if f(i,5,i) =€ then
€ else
if f(i,i,k) =€ then
€ else
f(i,4,4) | fi,i k) fifi else
fli,5,k) fi

Note that the algorithm in exactly this form is exponential, since in the step
case f(i+1,7,k) it contains the three recursive calls f(i, j, k), f(i,4,4) und
f(i,i, k). With a well known technique we can transform it into a polynomial
algorithm: consider f as a unary function computing a n x n-matrix (i.e.
not as a function of three arguments).
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4.4.3. An Informal Proof for the Dijkstra Algorithm. We want
to show how the Dijkstra algorithm can be obtained from a proof of an
appropriate existence theorem. To this end we enrich the Dijkstra algorithm
such that it not only yields shortest distances, but also corresponding paths.
This seems to be an useful information anyway.

Notice that a common proof for the correctness of the Dijkstra algorithm
cannot be used for this purpose, since it uses the minimum principle (it starts
with choosing a shortest path u; = vg, v1,. .., Vm, ui+1 from vy to u;41) and
hence is not constructive.

So let a weighted graph I' = (V, E, W) be given, where W: E — N. For
simplicity we assume V = {0,1,..., N — 1}, where 0 is the distinguished
node. Assume W(0,0) = 0 and — if u,v are not both 0 — W (u,v) := oo if
{u,v} ¢ E.

We show: for every node a there is a “shortest distance” s € N from the
distinguished node vg to a. Writing

S¢(m) := Z W(f(i), f(i+1)) (distance sum),
i<m
this means

(a) There is a sequence g of n+1 nodes starting with the distinguished node
0 and ending with the node a, whose distance sum Sy(n) is s.

(b) For every sequence f of m nodes, which also starts with the distinguished
node 0 and ends with a, the distance sum Sy(m) is at least as big as s.

In other words:

THEOREM. For every a € V there is an s € N such that
(a) (3g,n<N).g(0) =0Ag(n) =ans=S4(n)
(b) Vf,m.f(0) =0— f(m) =a — s < S¢(m)

For the proof we shall construct functions nxt: V.— V and d: V —
N U {oo} with the following intended meaning:

nxt(a) successor on a shortest path to 0, or 0,
d(a) length of this path.

For these we will show the following properties, for all a,b € V:

(17) d0)=0

(18) a#0— nxt(a) #a

(19) d(nxt(a)) < oo

(20) d(a) = d(nxt(a)) + W(nxt(a),a)
(21) d(a) < d(b)+ W(b,a)

We first show that from (17)—(21) the above theorem follows.

PrOOF. Fix s :=d(a
(a). Let

nxt(h(i)) if h(i) #0
0 sonst.
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In case h(i) # 0 we have
d(h(i+ 1)) = d(nxt(h(7)))
< d(nxt(h(7))) + W(nxt(h(i)),h(i)) because of (18) and (19)
= d(h(7)). because of (20).

Hence there is a least n < N such that h(n) = 0. Let g(i) := h(n —1i), s
g(0) = h(n) = 0 and g(n) = h(0) = a. We show

S W(g(k), gk +1)) = d(g(j).

k<j

by induction on j. Basis j = 0. Clear from ¢(0) = 0. Step j — j + 1.

Because of j < n we have i :=n —j — 1 < n, hence
h(i+ 1) = nxt(h(i))
h(n—(n—1i—1)) =nxt(h(n — (n —1)))

) = nxt(
gln—i—1)=nxt(g(n —1))
9(j) = nxt(g(j +1)).
Therefore

> Wi(gk), gk +1))
k<j+1
= Wig(k),g(k+1)) + W(g(), 9(j + 1))

k<j
=d(9(5)) + W(g(5), 90 + 1)) by TH
= d(nxt(g(j +1))) + W(nxt(g9(j +1)),9(j +1)) see above
=d(g9(j +1)) by (20).

(b). Let f: N — V be given with f(0) = 0. We show f(m) = a —
d(a) < S¢(m) by induction on m. Basis m = 0. Then a = f(0) = 0,
hence d(a) = 0 by (17). Step m — m + 1. Assume ¢ = f(m + 1). Then
s=d(a) =d(f(m+1)) and

d(f(m+1)) <d(f(m ))+W(f(m),f(m+1)) by (21)
< W(f(E), f(i+ 1)+ W(f(m), f(m+1)) by IH

i<m
Z W(f(@i), f(i+1))
i<m—+1
= S’f(m + 1).

This completes the proof. 0

To construct the functions nxt: V' — V and d: V' — NU {co} we define,
for every n < N

e a set C), C V, the set of computed nodes of level n,
e a function nxt,: V — V assigning to every node the nezt node on
a shortest path from a to 0, as far as this is known at level n,
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e a function d,,: V — N U {oco} assigning to every node its distance
from 0 along the path to 0 determined by the nxt-function, again
as far as this is known at level n,

e p,, the node “picked” at level n.

Let
Cy := {0}, nxto(a) := 0, do(a) := W(a,0).

Assume that at level n we have picked p,, such that
(22) pn < N Apy & Cp AVaudy(a) < dp(pn) = a € Cy.
Let

Crt1 = Cp U{pn},

n if (D, - . ’
nxtni1(a) == {7 it d (P.)-FW(p a) < dn(a)
nxt,(a) otherwise,
dns1(a) == min{d,(pn) + W (pn,a),d,(a)}.

Observe that the algorithm is relative to another simple search algorithm
pick, which assigns to a given set C C V and distance function d: V. —
NU{oo} a pick(C,d) € V'\ C that among all a € V'\ C' has minimal distance

d(a).
We will prove for every n < N:
(23) #(Cn) =n+1,
(24) dn(0) = 0,
(25) a#0 — nxty(a) # a,
(26) nxt,(a) € Cp,
(27) dp(nxt,(a)) < oo,
(28) dn(a) = dp(nxty(a)) + W(nxt,(a),a),
(29) beC, —dy(a) <d,(b)+W(b,a),
(30) be C, — dy(a) < dy(b) = acCy.

From (23) it follows that Cy_1 = V, and (24)—(29) then express that d :=
dy—1 and nxt := nxty_; satisfy the conditions (17)—(21).

It remains to show that (23)—(30) hold. We prove this by induction on
n. The base case n = 0 is clear. For the step assume that (23)—(30) hold for
n, and that p, is chosen according to (22), hence

pn <N, pn¢C,, Vady(a) <dy(pn) — a€ C.

(23) for n + 1 follows from p, < N and p, ¢ C,. (24) for n + 1 is clear,
and (25) for n+ 1 follows from the definition with IH(25). Also (26) follows
immediately from the definitions. — We now first show

(31) dpt1(a) = dyp(a) for all a € C,,.
Let a € C),. Because of p, ¢ C,, we have d,,(a) < d,,(p,) by IH(30), hence
dp+1(a) = dy(a) by definition.

Proof of dyt1(nxty+1(a)) < co. In case dy(pn) + W(pn,a) < dp(a) we
have dp+1(a) = dn(pn) + W(pn,a) < oo, hence

dn+1(nth+1(a)) = dn+1(pn) = dn(pn) < Q.
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On the other hand nxt,4+1(a) = nxt,(a), hence by nxt,(a) € C,, (because of
(31)) also dp11(nxt,y1(a)) = dy(nxty(a)) < co.

Proof of Yad,y1(a) = dpi1(nxtyyi(a)) + W(nxty+1(a),a)). Case 1:
dp(pn) + W (pn,a) < dp(a). Observe that dp+1(pn) = dn(pn), for dyni1(pn) =
min{dn(pn) + W(pmpn), dn(pn)} Hence

dnJrl(a)

= dp+1(pn) + W(pn,a) by definition and remark

= dpy1(nxtp41(a)) + Winxty+1(a),a) by definition of nxt,y;(a).
Case 2: Otherwise. Then by definition d,t1(a) = dy(a) and nxt,41(a) =
nxt,(a). The claim follows from the ITH and (31) because of nxt,(a) € C,,.

Proof of Va,b.b € Cpy1 — dpt1(a) < dpy1(b) + W(b,a). Let b € Cpy.

Case b € C,,. Then
dnt1(a) < dy(a) by definition
< d,(b) +W(b,a) by TH
= dn—i—l(b) + W(ba a) by (31)
Case 2: b = p,. Observe again that dy+1(pn) = dpn(pn), since dp41(pn) =
min{dn(pn) + W(pnapn)a dn(pn)} Then
dnt1(a) < dp(pn) + W(pn,a) by definition
— o1 (pn) + W (pnra) Dy the remark
= dn-l—l(b) + W<b7 a)'

Proof of Ya,b.b € Cpi1 — dpti1(a) < dpt1(b) — a € Cpyq. Assume
b € Cpt1 and dyyi1(a) < dypy1(b). Case dy(pn) + W(pp,a) < dp(a), ie.
dp+1(a) = dp(pn) + W(pn,a), hence

dn(pn) < dn(pn) + W(pn, a)

=dp+1(a) by definition
< dp+1(b) by assumption
< dy,(b) by definition.

Subcase b € C,. Then from the ITH and the inequality above we obtain
pn € Cp, hence a contradiction. Subcase b = p,. The above inequality
immediately entails the contradiction d,,(pn) < dp(pn).
Case otherwise, i.e. dp4+1(a) = dy(a), hence
dn(a) = dpt1(a) by definition

< dpt1(b) by assumption

< dn(b) by definition.
Subcase b € C,,. From the IH we obtain a € C,,. Subcase b = p,,. The above
inequality yields a € C),, by the choice of p,.

4.5. Notes

We have made extensive use of [11]. The idea of using universal quanti-
fiers without computational content is taken from Berger’s [5]. Dan Hernest
pointed out an oversight in my original definition of realizability for 3"¢.



CHAPTER 5

Inductive Definitions

As we have seen, type variables allow for a general treatment of induc-
tively generated types pud K. Similarly, we can use predicate variables to
inductively generate predicates ,uX: K.

More precisely, we allow the formation of inductively generated predi-
cates MX: K , Where X = (X j) j=1,...,n is a list of distinct predicate variables,
and K = (Ki)i=1,... is a list of constructor formulas (or “clauses”) contain-
ing X1,..., Xy in strictly positive positions only.

In this chapter, totality plays no role. For the sake of readability we
therefore use object variables x, ¥, ... without a hat"to range over arbitrary
objects of the underlying domain.

5.1. Axioms
5.1.1. Introduction and Elimination Axioms.

DEFINITION. Let X = (Xj)j=1,..~ be a list of distinct predicate vari-
ables. Formulas A,B,C,D € F, predicates P,Q,I € P and constructor
formulas K € KF(X) are defined inductively as follows.

A By,....,B,€F (n>0)
yneaVE A — (Yey! Vi, B, — X;,(3,)) = X;(1) € KF(X)

v=1,...,
Ki,...,K, e KF(X) (n>1) PeP CeF
(uX (K1,...,K,)); €P P efF  {Z|C}eP
A BeF A BeF AeF AceF

A—-BeF ANBcF VaerA e F VnegrA e F

A predicate of the form { Z | C'} is called a comprehension term. We identify
{Z| C}(F) with C[z:=7].

We shall use I for predicates of the form (uX (K1, ..., K})) ; only, and
for predicates P and a constructor formula

K; = V"2 V& A — (VY 0, VG Biy = X5, (50)),_y . — X5,(E0)
with 1 <7 < k we shall write
Ki[P) = V"2 V& A; = (V"Y' ¥ Biv = P, (5)) . = Pii().

Now let I := ,u)_f K be inductively defined predicates. According to
their intended meaning, we postulate the introduction axioms K [f], i.e. all
axioms
(32)

KZ[I_] = Vncl_';lvt’flgz — (V"cgj’wvgmgiy — Ijiu (gw)) — Iji (t_;)

V:17“'7ni

75
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fori=1,...,k, and for j =1,..., N the elimination axioms

—, —,

VT K [P] — - — Ki[P] — I;i(F;) — Pi(;).

5.1.2. Introduction and Elimination Axioms. However, in appli-
cations one often wants to use a strengthened form of the elimination axioms.
For their formulation it is useful to introduce the notation K|[Q, P] for

Vral VE A = (VY VG, By — Q4,(5))
(V"yVi-By = P, (50),—y ., = PiD).
Then the strengthened elimination axioms are
(33) VZ; K[, P] = - — Ky[I, P) — I;j(Z;) — P;(;).

They are indeed stronger (or better: easier to use), because each premise
K;[I, P] is weaker than K;[P] (because K;[I, P] has more premises than

—.

K;[P]). However, there is no essential difference, because from the (ordinary)
elimination axiom

VZ Ky [T AP — - = Ky[I AP = I;(&;) — I;(Z;) A P;i(Z;)

(with T'A P denoting the list of predicates {Z; | I;(@;) N P;(Z;) }) we can de-
rive the strengthened one (33). To see this, assume &, K [[,P]... Ki[I,P]
and I;(Z;). We must show P;(Z;). To this end we use the ordinary elimina-
tion axiom above. Hence it suffices to prove each K;[I A P]. So assume 2/,
Z, A and V" V7,.B, — I, (5,) N Pj,(5,) for v =1,...,n. We must show
L) A Pj(1). Now I;(t) follows from the introduction axioms, and P;(f)
follows from K;[I, P). O

We shall from now on normally use the strengthened elimination axioms,
for they are more useful in practice.

As is to be expected from the terminology, we have conversion rules,
converting a (strengthened) elimination immediately following an introduc-
tion:

Elim gt (%= (MR - (Introgpr! i NP NJ)
Miﬁiﬁ]\_fipﬁﬁ
()\gw)\ﬁwEllmeﬁq_?w [Zi"l:?:;] (M,{)N:L,,,,k(Nﬁgiyﬁiu))yzl n;?

for j =1,...,N. Here p are to be substituted for the free variables of f, and
¢ for those of P which are not in I. Moreover, the Nip are the parameter
arguments for the i-th introduction axiom K;[I] (i.e., proofs of its premises
fL), and ]\72-3 are the recursive arguments (i.e., proofs of its further premises

Yy Vi Bi — I, (5i).

5.1.3. Examples.
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5.1.3.1. The Fven Numbers. We begin with a very simple example, an
inductive definition of the set Even of the even numbers. As underlying
algebra we take the one generated from 0 by one unary constructor S, i.e.
the natural numbers. The introduction axioms are

Even(0)
V"n.Even(n) — Even(S(S(n)))

and the (strengthened) elimination axiom is
V'n.P(0) — (V"“n.Even(n) — P(n) — P(S5(S(n)))) — Even(n) — P(n).
As an example of the use of the elimination axiom we prove
V"n.Even(S(S(n))) — Even(n).

Let P be the comprehension term {n | V"*m.n = S(S(m)) — Even(m) }.
Then P(0) holds (by ex-falso), and for an arbitrary n with Even(n) we
have P(S(S(n))). Then V"°n.Even(n) — P(n) by the elimination axiom.
Specializing this to S(S(n)) and unfolding P gives

Even(S(S(n))) — V"m.S(S(n)) = S(S(m)) — Even(m),

hence the claim.

5.1.3.2. The Even and the Odd Numbers. As an easy example of a simul-
taneous inductive definition we take the sets Ev and Od of the even and odd
numbers. Again we choose the natural numbers as the underlying algebra.
The introduction axioms are

Ev(0) 0d(1)
V"n.0d(n) — Ev(S(n)) V"n.Ev(n) — O0d(S(n))

and the (strengthened) elimination axioms are

(V"*n.0d(n) — Pi(n) — Py(S(n))) —

(V"“n.Ev(n) — Py(n) — P1(S(n))) — Ev(n) — Py(n),
(

(

V"n.0d(n) — Pi(n) — Py(S(n))) —
V"n.Ev(n) — Py(n) — P1(S(n))) — Od(n) — Pi(n).

5.1.3.3. Trees and Tree Lists. As another example of a simultaneous in-
ductive definition we consider trees and tree lists. In Section 2.1 we viewed
trees and tree lists as an example of simultaneously defined algebras. Al-
ternatively, we can choose as a somewhat more general underlying algebra
the one generated from 0 and Nil by one binary constructor cons, and then
single out trees and tree lists by a simultaneous inductive definition. Let a,b
range over elements of the underlying algebra. The introduction axioms are

Tree(0) Tlist(Nil)
V"a.Tlist(a) — Tree(a) V"¢a, b.Tree(a) — Tlist(b) — Tlist(cons(a, b))
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and the (strengthened) elimination axioms are
V™a.Py(0) — (V"“a.Tlist(a) — Pi(a) — Py(a)) —
Py (Nil)—(V"“a, b.Tree(a)— Tlist(b)— Py (a)— P (b)— Py (cons(a, b)) ) —
Tree(a) — Py(a),

V"a.Py(0) — (V"“a.Tlist(a) — Pi(a) — Po(a)) —
Py (Nil)—(V"“a, b.Tree(a)— Tlist(b)— Py (a)— P (b)— Py (cons(a, b)) ) —
Tlist(a) — Pi(a).

5.1.3.4. The Accessible Part of an Ordering. We assume that we have a
binary relation <. Its accessible part is inductively defined as follows. The
introduction axiom is

Acct : V™z.(Vy.y < x — Acc(y)) — Acc(z),
and the (strengthened) elimination axiom Acc™ is
V. (V"z.(Vy.y < = Acc(y)) — (Vy.y <z — P(y)) = P(z)) —
Acc(xz) — P(x).

Notice that the ordinary elimination axiom in this case is

vz, (V*z.(Vy.y < = — P(y)) — P(z)) = Acc(z) = P(x).
Conversion:

ACC—JTMY"%-(Vy-y<w%ACC(y))%(Vy-y<w%P(y))HP(w) (AccerR) —
Myr NEXyAuY=" Acc™ gy M (N Byu).

5.1.3.5. The Bar predicate. Call a sequence wy, . .., w,_1 of words good
if there are indices ¢ < j < n and an embedding f of w; into w;. The
introduction axioms are

V" ws.Good(ws) — Bar(ws),
V" ws. YwBar(ws x w) — Bar(ws).
and the (strengthened) elimination axiom is
V" ws. (V" ws.Good(ws) — P(ws)) —
(V"ws . VwBar(ws * w) — YwP(ws * w) — P(ws)) —
Bar(ws) — P(ws).

5.1.3.6. The Transitive Closure of a Relation <. The introduction ax-
ioms are

V', y.x <y — TrCl(z, y),
V'x,y, z.x <y = TrCl(y, z) = TrCl(z, 2).
and the (strengthened) elimination axiom is
V”Cx,y.(vncx,y.x <y — P(:U,y)) —
(V”caz,y, zx <y — TrCl(y, z) — P(y,z) = P(x, z)) —
TrCl(z,y) — P(z,y).
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5.1.3.7. The Strongly Normalizable A-Terms. Introduction axioms:
SN(Var(0))
V”CM.(VN.(M ~ N) — SN(N)) — SN(M),

Here Var(n) denotes the n-th (untyped) variable, and M ~» N expresses
that M reduces to N in one step.

5.1.3.8. The Strongly Computable A\-Terms. The set SC* of strongly
computable A-terms of type p; (cf. Subsection 2.2.4). Here SC; are previ-
ously defined SC-predicates, for previous types. Introduction axioms:

SC(Var(0))

V' M.(YNT, NEM = (NP, NT) - SC (NT)) —
(VNP NE KM = (N7, N*) - SC(K) — SC(NK)) —
(VN.(M ~ N) = SC(N)) —
SC(M).

As an example of predicates defined by simultaneous induction we con-
sider SC'® and SC'*t, defining the strongly computable terms of these types.
The algebras tree and tlist have been simultaneously defined in with con-
structors

LeafN—>tree’ Branchthst—nree’ EmptythSt, Tconstree—>tllst—>tllst'

Following the general pattern above, the clauses for SCt® and SCist are
SC're¢(Leaf(0)),

VM. (VNN.M = Leaf(N) — SCN(N)) —
(YNt AL = Branch(N) — SCst(N)) —
(VN (M ~ N) — SC'¢(N)) —

SCree(M),

SCt“St(Empty),

VM. (VN{ree, N3t M = Tcons(Ny, N2) — SC™(NNy))
(VNfree, N3t M = Tcons(Ny, No) — SCHst(IN,))
(VNUSE (M~ N) = SCTY(N)) —

Sctlist(M) ]

The following inductive definitions of disjunction, equality, the tensor,
the existential quantifier and falsity have already been considered by Martin-
Lof [26] and are used in the proof systems CoQ [32] and ALF [13]; see also
Berger’s draft [6].

5.1.3.9. Disjunction. A1V Ag := uX(A; — X, A2 — X). The introduc-
tion axioms are

%
%

V31A1%A1VA2
\/f!AQ-)Al\/AQ
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and the elimination axiom is
Vi (A = C)— (A = C) = A1V Ay — C.
Conversion rules:
VMM OGP (VENAY) 5 MN,
VMM OGP (VENA2) 5 Mo N,

and in case Ay V As has free variables to be substituted by p and the re-
maining free variables of C' are to be substituted by ¢

vfﬁJM;‘ll[ﬂ%C[ﬁﬂ Mé‘b [P1—C[p.,q] (\/a'ﬁNAlm) — M,N,
v g PO g AP CRA (b g A2l N
5.1.3.10. Equality. Eq := pXV"z.X (z,x). The introduction axiom is
Eqt: V"zEq(z, x)
and the elimination axiom
Eq : V'z,y.V"¢R(x,z) — Eq(z,y) — R(z,y).
The conversion rule is
Eq~qrr M= Ed@2) (Eqtr) s M.
5.1.3.11. Tensor. A1 ® Ay := uX(A; — Ay — X). The introduction
axiom is
RT: Al — Ay — A; ® Ay
and the elimination axiom is
® (A1 > A —=>C)—=> AL ® Ay — C.
Conversion (assuming that there are no free variables in A;, Ay and C):

®—MA1—>A2—>C(®+N{41N542) — M N;N,.

5.1.3.12. Emistential Quantifier. 3Q(®) := uXvz®*.Q(x) — X. The in-
troduction axiom is

It vyP. A — FyPA
where Jy? A abbreviates 3{ y” | A }, and the elimination axiom is
37 (VW A—C)— A — C.
Conversion:
3~ pgM VAP (3t me N A=) AN,
5.1.3.13. Falsity. This example is somewhat extreme, since the list K in

the general form pX K is empty here. There is no introduction axiom, and
hence no conversion as well; the elimination axiom is

17: 1 = A.
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5.1.4. Cases. As in Section 2.4.4 there is an important variant of the
elimination axiom, where for a certain P; no induction hypotheses are used.
To understand what this means, consider a Pj-clause

vz A - (g, By — X, (5,)) = X, ().

v=1,..,n
In the (strengthened) elimination axiom it gives rise to a premise K[I, P]

VaVE A — (V" VG, B, — T, (5,)) —

v=1,...n

(V"Y' ¥ij,.By = P;,(5,)),_, . — P;(T).

20ty

For the cases axiom we instead take K€[I, P]:

Vi A — (VY Vi, B, — 1;,(5,)) — P;(1).

v=1,...n
The cases axiom then is
Casesy, (7 p, (7 VT.KC I, P| = -+ — KL [I, P] — I;(%) — P;(&),

where Kﬁ [I,P],... ,Kick [I, P] consists of all clauses K€[I, P] concerning P;.
So this axiom amounts to distinguish cases on all clauses generating ;.
Examples are

Casesgyen(n)—a: V' 1. A[n:=0] — V"“n.A[n:=5(S(n))] — Even(n) — A

and for the simultaneous inductive definition of trees and tree lists above
CaSEST“St(b)HA: Vnch[b:Nll] —

(V"a, b.Tree(a) — Tlist(b) — A[b:=cons(a,b)]) —
Tlist(b) — A.

5.2. Computational Content

The intended meaning of an inductively defined predicate constant I is
quite clear. However, we first have to make up our mind as to whether
it is to have computational content. We can decide that we do not want
computational content, but only when all clauses K are “invariant” (i.e.
have the property that 7 r K is the same as K). Then we can only apply the
elimination axiom to invariant formulas as well. Both conditions are needed
for the Soundness Theorem.

Suppose I is to have computational content. Then the new predicate
I* to be used in the definition of realizability should have an arity (u, p),
where the first argument of type u represents a generation tree, witnessing
how the other arguments were put into the inductively defined predicate.

Clearly this type p is an algebra type in the sense of Chapter 2: it is one
component of the types [ = ud K generated from constructor types x; :=
7(K;) for all constructor formulas K1, ... Ky, from I = uX (K1, ..., K}). In
case there is no nullary constructor type for u, we add one with the name
Dummy .

Notice that for k predicate variables in the clauses of I, we have 2*
possibilities for the type u, depending on which of these predicate variables
are to have Harrop degree 0. For example, the inductive definition of the
existential quantifier in 5.1.3.12 needs two versions, depending on whether
we use a predicate variable Q of Harrop degree 0 or Q of Harrop degree 1.
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So we extend for inductively defined predicate constants the definition
of the computational content from Section 4.2 by

T(I(7) = {“

if I has computational content

€ otherwise
and the definition of realizability from Section 4.3 by

rrl(3) = I*(r,s) if I has. computational content
I(3) otherwise.

From the intended meaning of I* it is rather obvious how these predicates
should de defined inductively. For every constructor formula

K =Y"2VZ.A — (V"Y' ¥5,.B, — X, (5,)) L= X5()

v=1,...,
of the original inductive definition of I we build the new constructor formula
K" as
VU VE, @, fir A — (VY Vi, 6.0, v By = Y, (f5,00,5)) . =
Yj(cZif,1).

Here c is the constructor of the algebra i = ud < generated from our con-
structor types k; := 7(K;) (i.e. for K; we have ¢ := constr;). Recall that

7(K) = — 1(A) = (6, — 7(B,) = aj,) = aj € KT(d),

v=1,...,

and c is the corresponding constructor. Then Ir = ,u? ([? ), an inductive
definition with no computational content. The introduction azrioms for I

are K*[I7):
VIV, fair A — (VY V5. 6.0, v By = I (fo5,00,5)) . —
I¥(czif, )
and the (strengthened) elimination azioms for I; are

= =

vncfvw'Kf[ er’] — Kllc‘[lrvé] — I;(w’f) — Qj(wwf)

]
VeV, @, far A — (VY NGy, U0, v By = I (f,5,0,,5,)) —

v=1,...n
(anZ]/yvgjlla ﬁy-ﬁy I'éll — Q]u (ngV’UV’ gy))ljzlw--’n -
I (ciiif , ).

ExaMPLES. The accessible part of an ordering <. Recall the introduc-
tion axiom

Ki[Acc] :=V"2.(Vy.y < x — Acc(y)) — Acc(z).
The corresponding constructor type is
k1 =T7(K1)=(p = a) = a.
Then the algebra algAcc := pa (o, k1) has two constructors

DummyalgAcc: algAcc,
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Sup: (p — algAcc) — algAcc.

Here DummyalgAcc had to be added, because there is no nullary constructor
type k; for Acc. We obtain

KT[Acc™] := V"2V f.(Vy.y < 2 = Acc"(f(y),y)) = Acc"(Sup(f), x).

5.3. Soundness

Let I := pX (Ki,...,K})) be inductively defined. We define the ex-
tracted programs for the introduction axioms (32) and (strengthened) elim-
ination axioms (33) by

[Introk] := ¢,
[[Elimj]] = Rj.
By K*[I*] we clearly have cr Introg. For to prove

Rt (V2K [I, P] — - — Ki[I, P| — I;(T) — P;(Z))

let &, w1,...,ws be given such that w; r K; [f, ]3], ie.

(34)

VoVE, @, f,gar A — (VY Vi, T, B, — f,8,7, v, (5,), 1=
(V"Y' Gy, BTy ¥ By — 7,7, rP;,(5,)), .=
wiZifgr Pi(1).

Let further w be given and assume wr [;(Z), i.e. [5(w,Z). Our goal is
Rjvwr Pj(Z) =: Qj(w, T).

We use the (strengthened) elimination axiom for I with Q;(w,Z), i.e.

= —, - -,

VT w K[, Q] — -+ = Kp[I7,Q] — I (w, T) — Qj(w, T).
Hence it suffices to prove KT [f r Cj} for every constructor formula K, i.e.
(35)
VVE, @, fair A — (YU VG, 6.0, v By = I (fo5,00,5)) . —

(VY Vi BB 0 By = Qi (o, 8)) oy =
Q;(czif, ).
So assume 2/, %, @, f and the premises of (35). We must show Q) (cfﬁf, t),
ie.,
Rj0(ctif) v Py(1).
Since ¢ = constr;, by the conversion rules for R this is the same as
wildf (R @) o ) ... (Rjui) o fo) ¥ Py(F).

To this end we use (34) with o/, Z, @, f, (Rj@) o f1,...,(Rj, @) 0 fn. Its
conclusion is what we want, and its premises follow from the premises of

(35).
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5.4. Notes

Part of the the material in the present Chapter 5 is based on Monika
Seisenberger’s Thesis [33].



CHAPTER 6

Program Extraction from Classical Proofs

In this chapter we will concentrate on the question of classical versus
constructive proofs. It is known that any classical proof of a specification of
the form Y239y B with B quantifier-free can be transformed into a construc-
tive proof of the same formula. However, when it comes to extraction of a
program from a proof obtained in this way, one easily ends up with a mess.
Therefore, some refinements of the standard transformation are necessary.

We develop a refined method of extracting reasonable and sometimes
unexpected programs from classical proofs. We also generalize previously
known results since B in Y23y B no longer needs to be quantifier-free, but
only has to belong to the strictly larger class of goal formulas defined in
Section 6.2. Furthermore we allow unproven lemmas D in the proof of
Va39y B, where D is a definite formula (also defined in Section 6.2).

Other interesting examples of program extraction from classical proofs
have been studied by Murthy [29], Coquand’s group (see e.g. [14]) in a type
theoretic context and by Kohlenbach [23] using a Dialectica interpretation.

There is also a different line of research aimed at giving an algorithmic
interpretation to (specific instances of) the classical double negation rule.
It essentially started with Griffin’s observation [21] that Felleisen’s control
operator C [16, 17] can be given the type of the stability scheme ——A — A.
This initiated quite a bit of work aimed at extending the Curry-Howard cor-
respondence to classical logic, e.g. by Barbanera and Berardi [2], Constable
and Murthy [12], Krivine [24] and Parigot [31].

We now describe in more detail what the chapter is about. In Section
6.1 we fix our version of intuitionistic arithmetic for functionals, and recall
how classical arithmetic can be seen as a subsystem. Then our argument
goes as follows. It is well known that from a derivation of a classical exis-
tential formula 3%yA := (Vy.A — L) — L one generally cannot read off an
instance. A simple example has been given by Kreisel: Let R be a primitive
recursive relation such that 3%2R(z,2) is undecidable. Clearly we have —
even logically —

F V232 Rz, z) — R(z,y).
But there is no computable f satisfying
Vavz.R(x, z) = R(z, f(z)),

for then 392R(z,2) would be decidable: it would be true if and only if
R(x, f(z)) holds.*

INotice our slightly unusual formula notation: the scope of a quantifier followed by a
dot extends as far as the surrounding parentheses allow. Otherwise we follow the standard
convention that quantifiers bind stronger than A, which binds stronger than —.

85
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However, it is well known that in case 3%yG with G quantifier-free one
can read off an instance. Here is a simple idea of how to prove this: replace
L anywhere in the proof by JyG (we use 3 for the constructive existential
quantifier). Then the end formula (Vy.G — 1) — L is turned into (Vy.G —
JyG) — JyG, and since the premise is trivially provable, we have the claim.

Unfortunately, this simple argument is not quite correct. First, G may
contain L, and hence is changed under the substitution 1 — JyG. Second,
we may have used axioms or lemmata involving L (e.g. L — P), which need
not be derivable after the substitution. But in spite of this, the simple idea
can be turned into something useful.

To take care of lemmata we normally want to use in a derivation of
3y@, let us first slightly generalize the situation we are looking at. Let a
derivation (in minimal logic) of 3%yG from D and axioms

Indp a:  A[n:=0] = (Vn.A — An:=n+1]) - VnA
Indp a:  Alp:=tt] - Alp:=ff] — VpA
AXirye:  atom(tt)
Efqu: atom(ff) - A
be given. Here atom is a unary predicate symbol taking one argument of
the type B of booleans. The intended interpretation of atom is the set {tt};

hence “atom(r)” means “r = tt”. Assume that the lemmata D and the goal
formula G are such that

(36) H D — D;[L:=3yG],

(37) H G[L:=3yG] — G,

here -; means derivability in intuitionistic arithmetic, i.e. with the additional
axioms Efg-Log,: L — A. The substitution L — JyG turns the axioms
above (except Efg-Log,) into instances of the same scheme with different

formulas, and hence from our given derivation (in minimal logic) of D —
(Vy.G — 1) — L we obtain

i D[L:=3yG] — (Vy.G[L:=TyG] — JyG) — yG.

Now (36) allows to drop the substitution in D, and by (37) the second
premise is derivable. Hence we obtain as desired

H D — JyG.

We shall identify classes of formulas — to be called definite and goal formulas
— such that slight generalizations of (36) and (37) hold. This will be done
in Section 6.2.

We will also give (in Section 6.4) an explicit and useful representation
of the program term extracted (by the well-known modified realizability
interpretation, cf. [35]) from the derivation M of D — JyG just constructed.
The program term has the form pt; ... t,s, where p is extracted from M and
t1,...,tn, s are determined by the formulas D and G only.

Since the constructive existential quantifier 3 only enters our derivation
in the context dyG, it is easiest to replace this formula everywhere by a new
propositional symbol X and stipulate that a term r realizes X iff G[y:=r].
This allows for a short and self-contained exposition — in Section 6.3 — of all
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we need about modified realizability, including the soundness theorem. In
Section 6.4 we then prove our main theorem about program extraction from
classical proofs.

The final Section 6.5 then contains some examples of our general machi-
nery. From a classical proof of the existence of the Fibonacci numbers
we extract in 6.5.1 a short and surprisingly efficient program, where A-
expressions rather than pairs are passed. In 6.5.2 we treat as a further
example a classical proof of the wellfoundedness of < on N. Finally in 6.5.4
we take up a suggestion of Veldman and Bezem [36] and present a short
classical proof of (the general form of) Dickson’s Lemma, as an interesting
candidate for further study.

6.1. Arithmetic for Functionals

We restrict the formal system introduced in Section 2.4 to the predicate
constant atom and the predicate variables | and moreover a special nullary
predicate variable X. So formulas are

1, X, atom(rB)7 A — B, VzPA; abbreviation: —-A:=A— L.

As azioms we take the induction schemes Ind,, 4 and Ind, 4 for the ground
types N and B; for simplicity we only consider these two algebras in the
present chapter. In addition we have the axioms

AXirye : atom(tt) truth axiom
Efq,: atom(ff) » A ex-falso-quodlibet for atom(ff)
Efg-Log,: L — A ex-falso-quodlibet for L

Let Z¥X denote this system of intuitionistic arithmetic; Z is obtained
from ZX by omitting X. Zy (Zg, resp.) is Z (ZX, resp.) without the axioms
Efg-Log,. For every Zp-derivation M let M~ denote the Zg(—derivation
resulting from M by substituting X for 1. Write CX := C[L:=X]. - L]X]
(L, resp.) denotes the language of Z¥ (Z, resp.). We use P for atomic
L-formulas and A, B,C, D, G for L] X]|-formulas.  denotes derivability in
minimal logic.

Note that in our setting derivability in Z¥X is essentially the same as in
Zg( :

LEMMA 6.1.1. Let I := atom(ff) and AT := A[L:=F]. Then
Z¥FA = ZFf kA"

PROOF. = holds since (Efg-Log )" is Efq,r.
<. We have ZX - 1 « F by Efq-Logp: L — F and Efq,: F — L.
This implies the claim. 0

Since our formulas do not contain the constructive existential quantifier
3, we can derive stability for all £-formulas. Hence classical arithmetic (in
all finite types) is a subsystem of our present system Z:

LEMMA 6.1.2 (Stability). Z + —-—=A — A for every L-formula A.
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PRrROOF. Induction on A.

Case atom(r). We have Z - Vp.~—atom(p) — atom(p) by boolean in-
duction, again using Z - 1 «» F' and the truth axiom Axy.ue: atom(tt).

Case L. Obviously Z - —-—1 — 1.

Case A — B. By induction hypothesis for B:

us: A— B w: A

uy: B B
N
— U9
v —|—|(A—)B) —|(A—>B)
I —>+U1
u: B —> B -—B
B
Case Vz A. Clearly it suffices to show Z - (=4 — A) — ~—VzA — A:
ug: VrA T
up: 0A A
%"F
v: VA VA 2
+
u: ==A — A —a
A
This concludes the proof. 0

LEMMA 6.1.3 (Cases). ZX F (=C — A) — (C — A) — A for every
quantifier-free L-formula C.

PrROOF. We may assume that 1 does not occur in C, since Z - 1
atom(ff). Note that for every such quantifier-free formula C' we can easily
construct a boolean term t¢ such that Zy F atom(t¢) <+ C. Hence it suffices
to derive

Vp.((atom(p) — atom(ff)) — A) — (atom(p) — A) — A.

This is done by induction on p, using the truth axiom Axype: atom(tt). O

6.2. Definite and Goal Formulas

A formula is relevant if it “ends” with L. More precisely, relevant for-
mulas are defined inductively by the clauses
e | is relevant,
e if C' is relevant and B is arbitrary, then B — C is relevant, and
e if C' is relevant, then Vx(C is relevant.

A formula which is not relevant is called irrelevant.

We define goal formulas G and definite formulas D inductively. These
notions are related to similar ones common under the same name in the con-
text of extensions of logic programming. Recall that P ranges over atomic
L-formulas (including L).

G = P|D— G provided D irrelevant = D quantifier-free
| VoG provided G irrelevant,

D = P|G— D provided D irrelevant = G irrelevant
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| VaD.

LEMMA 6.2.1. For definite formulas D and goal formulas G we have

(38) ZX+ (=D = X) — DX for D relevant,
(39) ZX+ D — DX,

(40) ZXFGY¥ =@ for G irrelevant,
(41) ZXFG6X - (G = X) = X.

PROOF. We prove all four claims (38) — (41) simultaneously, by induc-

tion on formulas.
(38). Let D be relevant. Case L. Clearly (L — 1) — X) — X is
derivable.

Case G — D.
G=D G
-D D
| L
-(G—=D)—»X (G — D)
GX=(G—=X)—X GX X
(G—=X)—=X G—X
| X
(-D—X)—DX -D — X
DX

(-(G — D) = X) - GX - DX

Here we have used the induction hypotheses (38) for D and (41) for G.
Case YxD.

Vax D
-D D
_ L
| VoD — X =VaD
X
(=D — X) — DX -D— X
DX
Vo DX
(=VxD — X) — Vo DX

Here we have used the induction hypothesis (38) for D.
(39). Case D relevant.

-D D
| 1l =X L
X
(=D — X) — DX -D— X
DX
D — DX

Here we have used (38) and 1 — X.
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Case D irrelevant. Subcase P. Then PX = P and the claim is obvious.
Subcase G — D. Then D is irrelevant, hence also G is irrelevant.

|
GX - @ GX
| G—D G
D — DX D
DX
(G — D) — GX = DX

Here we have used the induction hypotheses (40) for G and (39) for D.

Subcase YxD. By the induction hypothesis (39) for D we have D — DX,
which clearly implies VoD — VoD,

(40). Let G be irrelevant. Case P. Then PX = P and the claim is

obvious.
Case D — G.

|
D — DX D
| DX — GX DX
GX -G GX
G
(DX = G*) - D — G
Here we have used the induction hypotheses (40) for G and (39) for D.
Case VzG.

| Yz GX
X -G GX
G
VoG
VeGX — VG

Here we have used the induction hypothesis (40) for G.

(41). We may assume that G is relevant, for otherwise the claim clearly
follows from (40). Case L. Obvious, since 1L ¥ = X.

Case D — G. Our goal is (DX — GX) = ((D - G) = X) — X. Let
Di[DX — GX,(D — G) — X] be

G
| DX GX DX pLa)5x D=a
GX = (G—=X)—=X GX X
(G—=X)— X G—X
P, G
DX - X
(using the induction hypothesis (41) for G) and Da[(D — G) — X]| be
=D D
=
_ G
(D—-G)—»X D—G
X
-D— X

Note that the passage from | to G can be done by means of introduction
rules, since G is relevant.
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Subcase D relevant.
Di[DX=GX, (D—G)—X] | |
| (=D — X) — DX -D— X
DX - X DX
X
(DX = GX) = (D—=G) = X) =X

Here we have used the induction hypothesis (38) for D.

Subcase D irrelevant. Then D is quantifier-free. We use case distinction
on D from Lemma 6.1.3, in the form (D — X) — (=D — X) — X. So it
suffices to derive from DX — GX and (D — G) — X both premises; recall
that our goal was (DX — G¥) — ((D — G) — X) — X. The negative case
is provided by Ds[(D — G) — X], and the positive case by

Di[D¥X — G¥X,(D — G) — X] |
\ D—-DX D

DX - X DX
B, G
D— X
Here we have used the induction hypothesis (39) for D. 0

LEMMA 6.2.2. For goal formulas G= Gi,...,Gn we have
ZXH (G = X) = G¥ = X.

PRrROOF. By Lemma 6.2.1(41) we have
ZXFGE 5 (G = X) = X

for all ¢ = 1,...,n. Now the assertion follows by minimal logic: Assume
G = X and C_jx; we must show X.
By G’{( — (G1 — X) — X it suffices to prove G; — X. Assume Gj.
By G — (G — X) — X it suffices to prove G2 — X. Assume Gb.
Repeating this pattern, we finally have assumptions Gy,...,G, avail-
able, and obtain X from G- X. 0

THEOREM 6.2.3. Assume that for definite formulas D and goal formulas
G we have

Zobk D — (Vi.G — 1) — L.
Then we also have
ZX+ D — (ViG = X) = X.
In particular, substitution of the formula
37.G :=37.G1 A ... NG,

for X yields
Z+ D — 373G,



92 6. PROGRAM EXTRACTION FROM CLASSICAL PROOFS

PROOF. Substitution of X for L in the given derivation yields
ZX + DX = (vi.GX = X) = X.

Now by Lemma 6.2.1(39) we can drop X in DX, and by Lemma 6.2.2 also
in GX.

The second assertion follows from the first one since ng’.é — 337.@ clearly
is derivable. 0

The theorem can be viewed in the standard way to yield a method for
program extraction from classical proofs. However, in Section 6.4 we give a
finer analysis of the extracted programs, and an explanation of the role of
definite and goal formulas.

EXAMPLE 6.2.4. Let us check the mechanism of working with definite
and goal formulas for Kreisel’s “non-example” given in the introduction.
There we gave a trivial proof in classical logic of a Y3¢-formula that cannot
be realized by a computable function, and we better make sure that our
general result also does not provide such a function. The example amounts
to a proof in minimal logic of

(Vz.mR(z, 2) = R(z,2)) = (Vy.(R(z,y) = VzR(z,2)) — L) = L.

Here R(z,y) — VzR(x, z) is a goal formula, but the premise Vz.~—R(z, z) —
R(z, z) is not definite. Replacing R by =S (to get rid of the stability assump-
tion) does not help, for then =S(x,y) — Vz=S5(z, 2) is not a goal formula.
A third possibility would be to use the fact that R is primitive recursive
and write atom(ray) instead of R(z,y). However, then (Vy.(atom(rzy) —
Vzatom(rzz)) — L) — L could only be proved in Z, not in Z as required
in Theorem 6.2.3.

How to obtain definite and goal formulas. To apply these results
we have to know that our assumptions are definite formulas and our goal is
given by goal formulas. For quantifier-free formulas this clearly can always
be achieved by inserting double negations in front of every atom (cf. the
definitions of definite and goal formulas). This corresponds to the original
(unrefined) so-called A-translation of Friedman [18] (or Leivant [25]). How-
ever, in order to obtain reasonable programs which do not unneccessarily
use higher types or case analysis we want to insert double negations only at
as few places as possible.

We describe a more economical general way to obtain definite and goal
formulas, following [7, 10]. It consists in singling out some predicate symbols
as being “critical”, and then double negating only the atoms formed with
critical predicate symbols; call these critical atoms.

Assume we have a proof in minimal arithmetic Z; of

v#1Cp — - = VZ,C, — (vg’.é —-1)—=1

with C , B quantifier-free (among the premises VZ;C; we may have efq-axioms
for quantifier-free formulas, hence in fact the situation described applies to
intuitionistic logic). Let

L:={Ci,...,Ch,B— L}
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The set of L-critical predicate symbols is defined to be the smallest set

satisfying

(i) L is critical.

(ii) If (C1 — R1(51)) = -+ = (Cop = Run(5m)) — R(3) is a positive

subformula of L, and if some R; is L-critical, then R is L-critical.

Now if we double negate every L-critical atom different from 1 we clearly
obtain definite assumptions C’ and goal formulas B’. Furthermore the proof
term of the given derivation can easily be transformed into a correct deriva-
tion of the translated formula from the translated assumptions (by inserting
the obvious proofs of the translated axioms).

However, in particular cases we might be able to obtain definite and
goal formulas with still fewer double negations: it may not be necessary to
double negate every critical atom.

Of course this method will be really useful only if besides atom and
L there are other predicate symbols available. Our results could be easily
adapted to a language with free predicate symbols.

6.3. Program Extraction

We assign to every formula A an object 7(A) (a type or the symbol ¢).
7(A) is intended to be the type of the program to be extracted from a proof
of A, assuming that a proof of X carries computational content of some
given type v.

(in particular 7(L) = ¢)

€ if 7(A) =¢

i
<C
8

>

B

|

€
{p — 7(A) otherwise
7(B) if 7(A) =¢
T(A—= B):=<¢ if 7(B)=¢
7(A) — 7(B) otherwise

We now define, for a given derivation M of a formula A with 7(A) # ¢, its
extracted program [M] of type 7(A).

[[uAﬂ = a:z(A)

A ) IM] if r(4) =¢
[ M] = {)\.%L(A) [M] otherwise
Leyy . JIMD i r(A) =<
[MAZBN] = {[[M]][[N]] otherwise

[AzP M := \aP[M]
[Mt] := [M]¢t
We also need extracted programs for the axioms.
[Indp 4] =Rp:7T—=7—>B—=r71 with 7:=7(A) # ¢,
[Indp a] =RN:T—=> (N—=7—=7) > N—=71 with7:=7(A4) #¢,
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[Efg-Logx] := dummy”

where dummy” is an arbitrary closed term of type v. For derivations M of
A with 7(A) = & we define [M] := ¢ (¢ some new symbol). This applies in
particular if A is an L-formula.

Finally we define modified realizability for formulas in £[X]. For the
propositional symbol X we need a comprehension term A := {y” | Ap}
with an L-formula Ag; write A(r) for Ag[y”:=r]. More precisely, we define
formulas r r4 A, where 7 is either a term of type 7(A) if the latter is a type,
or the symbol ¢ if 7(A) = e.

rra X = A(r)
T'I'AP = P
rryVeA = Vrery A 1fT(A)':5
Vr.rxrg A otherwise
erqg A — rry B if 7(A) =¢
rrpg(A—B) = {Voaorg A = ery B if7(A) #e=1(B)

Vexrgy A — rergq B otherwise
Note that for L£-formulas A we have 7(A) = ¢ and e r4 A = A. For the
formulation of the soundness theorem it will be useful to let :U;(A) = e if u?
is an assumption variable with 7(A) = e.

THEOREM 6.3.1 (Soundness). Assume that M is a ZX -derivation of B.
Then there is a Z-deriwation of [M] ra B from the assumptions

{27 ey C | uC e FA(M) Y.

Proor. Induction on M. Case Ind,, 4. Take RY;. Case Ind, 4. Take
Ry. Case Efg-Logy: L — A. Then

[Efg-Log 4] ra (L — A) = L — [Efg-Log,] ra A,

which is an instance of the same axiom scheme. The inductive steps are
straightforward. 0

6.4. Computational Content of Classical Proofs

For a smooth formulation of the following theorem when writing an
application ts where s is of type €, we mean simply ¢. Similarly abstractions
of the form Aw®t stand for ¢.

THEOREM 6.4.1. Let D = Dy,....,D, and G= G1,...,Gp be arbitrary
L-formulas. Assume that we have terms ti,...,tn, 81, ..., Sm,r such that

(42) Z+D—tjraDF for1<j<n,
(43) ZF D —wiry GF = (Gi — A(vy)) — A(siwivg)  for 1 <i<m,
(44) Z+ D —Vi.G — A(rg).

Let M be a Zo-derivation of D — (V§.G — L) — L, and

s = AgAW.s1w1 (. .. (Smwm (1Y) ... ).
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Then
ZF D — A(MX]ty .. .tys).

PROOF. From the Zy-derivation M we obtain by the substitution L
X a Zg-derivation M~ : DX — (V§.GX — X) — X. The Soundness
Theorem 6.3.1 yields

[M*]ra (DX = (v§.G* = X) — X)

= Vavo.iry DX — (vry V3.GY = X) — A([MX]dv)
(45)  =Vavv.drg DX — Vv (@ ra GX — Awgd)) — A([M*]av).
Instantiate (45) with ¢ for i and s for v. Clearly tr 4 DX is derivable from
D by (42), so it remains to show D — @ rq GX — A(syji).

Let ame1 := ry and a; := s;w;a;11, hence s = AyAwa;. We show by
induction on j :=m —1

(46)
D—=Gi— =G = wiptaGEy = = wpra G — Alai).

Basis. For j =0 we have i = m and (46) holds by (44). Step. From the ITH
(46) and the assumption (43) we obtain

D—Gi— =Gy —wra GX = - s wy, tg G = A(siwiaig).
For j = m we have i = 0 and hence we obtain from (46)
D—wirgGY = s wnra GX = Alar),
which was to be shown. O

In order to apply Theorem 6.4.1, we need A = {y | Ap} and terms
tj, si,r such that (42)-(44) hold. The choice of A and r of course depends
on the application at hand and should be done such that (44) holds. The
rest follows from Lemma 6.2.1 by the Soundness Theorem 6.3.1:

THEOREM 6.4.2. For every definite formula D and goal formula G we

have terms t,s such that for an arbitrary A = {y | Ao} with an L-formula
AO N

(47) ZtD—try DX,
(48) Zrwry GX = (G — A(v)) — A(swo)

PROOF. (47). Let Np be the Z¥-derivation of D — DX provided by
Lemma 6.2.1(39). The Soundness Theorem yields
Z b [Np]ra (D — D¥), ie. Z+FD—[Np]raD¥.

(48). Let Hg be the Z¥X-derivation of GX¥ — (G — X) — X from
Lemma 6.2.1(41). By the Soundness Theorem

ZF[Hg]ra (GX = (G — X) = X), ie.
Zrtwry GX — (G — A(v)) = A([Hg]wo).
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For the next corollary we use the notation (7) for pairing of a non-empty
list 7 of terms, and r0, r1, ..., r(k — 1) for the projections.

COROLLARY 6.4.3. Let D = Dy, ..., D, be definite formulas and G =
Gi,...,Gp be goal formulas. Let M: D — (V.G — 1) — L be a Zy-
derivation. Then

Z+ D — Gy, yp=[MXJt1 .. tns0, ..., [MXJty .. tps(k — 1),
with
s = AgAW.s1w1 (. .. (Smwm(Y))...)
and ty,...,tn, S1,...5,m determined by the formulas ]_3, G only, according to

Theorem 6.4.2.

PRrROOF. Let v be the product of the types of ¥ = y1,...,yx, and y a
variable of type v. We use Theorem 6.4.1 with

A= {yy ‘ mGz[y17>yk:y077y(k_l)]}

Then (44) holds with r := Ay(y). Moreover, the conclusion
Z+ D — A(MX]ty ... tys)
clearly yields the claim. 0

6.5. Examples

We now want to give some simple examples of how to apply Theo-
rems 6.4.1 and 6.4.2. Here we will always have a single goal formula G
and A will always be chosen as {y | G}. Hence (44) trivially holds with
= \yy.

6.5.1. Fibonacci Numbers. Let «, be the n-th Fibonacci number,
i.e.

ag:=0, a1:=1, ap:=ap_o+a, 1 forn>2.
We want to give a (classical) existence proof for the Fibonacci numbers. So
we need to prove

Y3k G(n, k), ie (Vk.G(n k) — L) — L
from assumptions expressing that G is the graph of the Fibonacci function,
ie.
G(0,0), G(1,1), YnVkVI.G(n,k) - Gn+1,1) > G(n+ 2,k +1).
Clearly the assumption formulas are definite and G(n, k) is a goal formula.
So Theorems 6.4.1 and 6.4.2 can be applied without inserting double nega-

tions.
To construct a derivation, assume

vo: G(0,0),

v1: G(1,1),

ve: YnVkYI.G(n, k) - G(n+ 1,1) = G(n+ 2,k + 1)
u: Vk.G(n, k) — L.
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Our goal is L. To this end we first prove a strengthened claim in order to
get the induction through:

VnB  with B := (VEVL.G(n, k) = G(n+1,1) = 1) = L.

This is proved by induction on n. The base case follows from vy and v;.
In the step case we can assume that we have k,[ satisfying G(n, k) and
G(n+1,1). We need k',1’ such that G(n + 1,k’) and G(n + 2,1’). Using vo
simply take ¥’ := [ and I’ := k + 1. — To obtain our goal L from VnB, it
clearly suffices to prove its premise VkVI.G(n, k) — G(n+1,1) — L. So let
k,l be given and assume uj: G(n, k) and uy: G(n+1,1). Then u applied to
k and up gives our goal L.

The derivation term is

M :)\v(?(O,O))\le(l,l))\vZndVl.G(n,k)HG(nJrl,l)%G(n+2,k+l))\UVk‘G(mk)_H_

Ind. 5 Mpase Matepn (AN P NS D ygoasy )
where
Moo Z)\wgkw'G(O’k)_}G(l’l)_}L.w001v0v1

kVI. 1,k 2,0)—~L
Mstep :)\n)\wB)\w\f VI.G(n+1,k)—G(n+2,0l)— '

wAENAS P G T w1k + Dug(vakluguy) ).

Now let A := {k | G(n,k)}, and MX be obtained from M by replacing
every occurrence of 1 by X. Therefore

[MX] = NN RETNZNZN X M Tn(ARALa k)
where

[ME ] = Mo NN 4001

[MZE, ] = AW =NZN =Ny N2N=N G RN w1 (k 4 1))

step
Since there are no relevant formulas involved, the extracted term according
to Theorem 6.4.1 is

N—-N—-N N
[MX](zz) = RGN TN DM,

[n(AeALE)

This algorithm might be easier to understand if we write it as a SCHEME
program:

(define (fibo n) (fibol n (lambda (k 1) k)))

(define (fibol nl1 f)
(if (= n1 0)
(f 0 1)
(fibol (- n1 1) (lambda (k 1) (£ 1 (+ k 1))))))

This is a linear algorithm in tail recursive form. It is somewhat unexpected
since it passes A-expressions (rather than pairs, as one would ordinarily do),
and hence uses functional programming in a proper way. This clearly is
related to the use of classical logic, which by its use of double negations has
a functional flavour.

To remove some of the tedium of doing all that by hand, we certainly
want machine help. We have done such an implementation within our system
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MINLOG; here is the original printout of the normalized extracted term, with
only some indentation added.

[n0] (Rec nat=>(nat=>nat=>nat)=>nat)
([f11f1 0 1)
([n1,H2,f3]
H2([n4,n5]1f3 n5(n4+nb)))

It is rather obvious that this can be translated into the SCHEME program
above.

6.5.2. Wellfoundedness of N. An interesting phenomenon can occur
when we extract a program from a classical proof which uses the minimum
principle. Consider as a simple example the wellfoundedness of < on N, i.e.

VNN f(k+1) < f(k) — L.

If one formalizes the classical proof “choose k such that f(k) is minimal”
and extracts a program one might expect that it computes a k such that
f(k) is minimal. But this is impossible! In fact the program computes the
least k such that f(k+ 1) < f(k) — L instead. This discrepancy between
the classical proof and the extracted program can of course only show up if
the solution is not uniquely determined.

We begin with a rather detailed exposition of the classical proof, since
we need a complete formalization. Our goal is 3%k f(k) < f(k+1), and the
classical proof consists in using the minimum principle to choose a minimal
element in ran(f) := {y | 3% f(z) = y }, the range of f. This suffices, for if
we have such a minimal element, say yo, then it must be of the form f(zg),
and by the choice of yp we have f(zg) < f(z) for every x, so in particular
f(@o) < flzo +1).

Next we need to prove the minimum principle from ordinary zero-succes-
sor-induction. The minimum principle

(49) 3k R(k) = 39k.R(k) AVIL <k — R(l) — L
is to be applied with R(k) := k € ran(f). Now (49) is logically equivalent to
(50)  Vk(R(k) = (Vll<k— R(l) > L) —» 1) = Vk.R(k) — L.

The premise of (50) expresses the “progressiveness” of R(k) — L w.r.t. <;
we abbreviate it to

Prog :=Vk.(Vi.l <k — R(l) - 1) = R(k) — L.
We prove (50) by zero-successor-induction on n w.r.t. the formula
B :=Vkk<n— R(k)— L.
Base. B[n:=0] follows easily from the lemma
v1: VYmm <0 — L.

Step. Let n be given and assume wy: B. To show B[n:=n+1] let k be given
and assume ws: k < n+ 1. We will derive R(k) — L by using w; : Prog at
k. Hence we have to prove

Vil <k— R()—> L.
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So, let | be given and assume further wy: ! < k. From wy and ws: k <
n + 1 we infer [ < n (using an arithmetical lemma). Hence, by induction
hypothesis wy: B at | we get R(l) — L.

Now a complete formalization is easy. We express m < k by k <m — L
and take Vm f(m) # k instead of R(k) — L. The derivation term is

M ::)\UYm.m<0—>L
)\qu.(f(k+1)<f(k)ﬁJ_)%J_.

Prog—Nka.f(m);ékMprog(fo)OLfozfo

cvind

where
Meving = )‘wlprog)‘k'Indn,BMbaseMstep(k‘ + 1)k‘Lk<k+17
Mpase = MeAwb<OxmAir! ™= vy kw,

Mitep = AnAwE Medwh <" awy k(N avgl (K" [wy, w3))),

Mprog = Meduy FYmOE 3 V= ] (D<),
ur (f (mA+1)) LK g ) (mA-1) LI (m D=1 (mH)
Here we have used the abbreviations

Prog = (VEVI.L < k — VYm f(m) #1) = Vm f(m) # k
B =Vk.k<n—=>VYmf(m)#k

For program extraction let
A= {k| f(k+1) < f(k) > F},

and let M denote the result of replacing every formula C in the derivation
M by CX. Then

[[MX]] = >‘U1N_>N)‘UN_)N_)N' [[MX ]] [[Mgfog]] (fO)O

cvind

where
[[Mggind]] _ )\wlN—>(N—>N—>N)—>N—>N)\k.R§aNHN IIlegse]] [[Ms)t(ep]](k 1)k
[ME, ] = Nedm.vik
[Mgep] = AnAwd "N7NAk w1 k(ALwsl),

[MXoe] = AeXuy N7 NAmum(uy (f(m + 1)) (m + 1)).

Note that k is not used in [[Méog]]; this is the reason why the optimization
below is possible.

Now by (47) we generally have D — [Np] r4 DX for every relevant
definite formula D. In our case for D = Vk.k < 0 — L we clearly can derive
directly

(Vk.k<0— L) = (An0)ra Vk.k <0 — X,

since we can use Efqy. So we may assume [Np] = An0. Also, by (48) we
generally have

wry GX — (G — A(v)) — A([HgJwo).



100 6. PROGRAM EXTRACTION FROM CLASSICAL PROOFS

In our case, with G = f(k+ 1) < f(k) — L, we can derive directly
(f(k+1) < f(k) = A(w)) = ((f(k+1) < f(k) = L) = A(v)) =
A([if f(k+ 1) < f(k) then w else v]).

So we may assume [Hg] = AwAv.[if f(k+ 1) < f(k) then w else v]. Now
let

s 1= Mk w.[Hgwk = Medw.[if f(k+ 1) < f(k) then w else k.
Then the extracted term according to Theorem 6.4.1 is

[MX)[ND]s =5 [Mciinal [Mirogl' (£0)0

cvind prog

where " indicates substitution of [Np], s for v, u, so
[MZXal =py Mwi Ak (ARAMO) (AnAwa Mk kws ) (K + 1)K,
[[Méog]]' =g AkAu Am.[if f(m+1)<f(m) then u(f(m+1))(m+1) else m]
Therefore we obtain as extracted program
[M¥]IND]s =5 Rrvaserstep((£0) + 1)(f0)0
with
Thase := AkAm.0,
Ttep = AnAwy NN EAm.
[if f(m+1)<fm then wa(f(m+1))(m+1) else m).

Since the recursion argument (f0) + 1 is a successor, we can convert this
term into

[if f1 < fO then Rrpaserstep(f0)(f1)1 else 0].

To make this algorithm more readable we may define
h(0,k,m) =0
h(n+1,k,m) = [if f(m + 1) < fm then h(n, f(m + 1), m + 1) else m]
and then write the result as h(f(0) + 1, f(0),0), or (unfolded) as
[if f(1) < £(0) then h(f(0), f(1),1) else 0].

The machine extracted program is (original output of MINLOG, with
renaming of variables and indentation done manually)

[(f1[if (f 1<f 0)
((Rec 2 nat=>nat nat=>nat nat=>nat=>nat=>nat) ([n]n)f
([k,m]0)
([n,g,k,m]
[if (f(Succ m)<f m)
(g(£(Succ m)) (Succ m))
m])
(f 0)
(f 1
1)
0]

We can rewrite this as a SCHEME program as follows.
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(define (wf f) (wf-aux £ (+ (£ 0) 1) (f 0) 0))

(define (wf-aux f n k m)
(if (= 0 n)
0
(if < (f (+ m 1)) (f m))
(wf-aux f (-n 1) (f (+ m 1)) (+ m 1))
m)))

Note that & is not used here (this will always happen if the induction prin-
ciple is used in the form of the minimum principle only), and hence we may
optimize our program to

(define (wfl f) (wfl-aux f (+ (£ 0) 1) 0))

(define (wfi-aux f n m)
(if (= 0 n)
0
(GAf K (f (+ m 1)) (f m))
(wf-aux f (- n 1) (+ m 1))
m)))

Now it is immediate to see that the program computes the least k such that
flk+1) < f(k) — L, where f(0) + 1 only serves as an upper bound for the
search.

REMARK 6.5.1. The assumption v: Vm.m < 0 — L used in the proof
above is only there for “didactical resons”: it serves as an example of how
to treat definite formulas. We can of course omit it and use Efq; instead.

REMARK 6.5.2. There is an alternative proof of the wellfoundedness of
N, which uses the minimum principle with a measure function instead. Here
we can take the function f itself as a measure function. We refrain from
analyzing this proof in the same detail as before, but rather present the
machine extracted program, which in fact is slightly simpler.
[f]1[if (f 1<£f 0)
((Rec 1 nat=>nat nat=>nat=>nat)f
([m]0)
([n,f1,m] [if (£(Succ m)<f m) (f1(Succ m)) m])
(f 0
1)
0]

6.5.3. The hsh-Theorem. Let f, g, h, s denote unary functions on the
natural numbers. We show 3%n h(s(hn)) # n and extract an (unexpected)
program from it (this example is due to Ulrich Berger).

LEMMA 6.5.3 (Surjectivity). go f surjective implies g surjective. O
LEMMA 6.5.4 (Injectivity). g o f injective implies f injective. 0O

LEMMA 6.5.5 (Surjectivity-Injectivity). g o f surjective and g injective
implies f surjective.
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PROOF. Assume y is not in the range of f. Consider g(y). Since go f
is surjective, there is an = with g(y) = g(f(z)). The injectivity of g implies
y = f(z), a contradiction. 0

THEOREM 6.5.6 (hsh-Theorem). Vn s(n) # 0 — =Vn h(s(h(n))) = n.

PROOF. Assume hosoh is the identity. Then by the Injectivity Lemma
h is injective. Hence by the Surjectivity-Injectivity Lemma soh is surjective,
and therefore by the Surjectivity Lemma s is surjective, a contradiction. 0O

From the Godel-Gentzen translation and the fact that we can system-
atically replace triple negations by single negations (cf. 1.4.2) we obtain a
derivation of

Vn s(n) # 0 — 3% h(s(hn)) # n.
Now since Vn s(n) # 0 is a definite formula, this is in the form where our
general theory applies. The extracted program is, somewhat unexpectedly,
[s,h] [if (h(s(h(h 0)))=h 0)
[if (h(s(h(s(hh 0)))))=s(u(h 0)))
0
(s(h(h 0)))]
(h 0)]
Let us see why this program indeed provides a counterexample against the

assumption that h o s o h is the identity.
If h(s(h(h0))) # hO, take h0. So assume h(s(h(h0))) = h0. If

h(s(h(s(h(h0))))) = s(h(h0)),

then also h(s(h0)) = s(h(h0)), so 0 is a counterexample, because the right
hand side cannot be 0 (this was our assumption on s). So assume

h(s(h(s(h(h0))))) # s(h(h0)).
Then s(h(h0)) is a counterexample.
6.5.4. Towards More Interesting Examples. Veldman and Bezem

[36] suggested Dickson’s Lemma [15] as an interesting case study for pro-
gram extraction from classical proofs. It states that for & given infinite

sequences fi,..., fr of natural numbers and a given number [ there are
indices %1,...,4; such that every sequence f, increases on iy,...,%, i.e.
fulin) < - < fe(iy) for k = 1,...,k. Here is a short classical proof,

using the minimum principle for undecidable sets.
Call a unary predicate (or set) Q C N unbounded if V23%y.Q(y) Az < y.

LEMMA 6.5.7. Let Q be unbounded and f a function from a superset of
Q to N. Then the set Q5 of left f-minima w.r.t. Q is unbounded; here

Qr(z) == Q(x) NYy.Qy) = = <y — f(z) < f(y).

PROOF. Let x be given. We must find y with Qf(y) and z < y. The
minimum principle for {y | Q(y) A x < y } with measure f yields
(51)
FyQy) na <y) = FyQy) Ao <yAVz.Q(2) » x <z — fy) < f(2).
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Since @ is assumed to be unbounded, the premise is true. We show that the
y provided by the conclusion satisfies Qf(y), i.e.

Qy) \V2.Q(2) =y <z — f(y) < f(2).
So let z with Q(z) and y < z be given. From x < y we obtain x < z, hence
f(y) < f(z) by the conclusion of (51). 0

LEMMA 6.5.8. Let Q be unbounded and fi,..., fr be functions from a
superset of @ to N. Then there is an unbounded subset Q1 of @ such that

fi,..., fr increase on QQ1, i.e.

k
Q@) AQiy) Az <y —= N fulz) < fuly).
k=1
PRrROOF. By induction on k. Let Q3 be Q if K = 1, and in case k > 2
be an unbounded subset of @@ where fo,..., fi increase (i.e. given by the
induction hypothesis for fo,..., fr). Let Q1 be the set of left fj-minima
w.r.t. Qg, i.e.

Q1(z) = Q2(z) ANVY.Q2(y) = = <y — fi(z) < fi(y).
By Lemma 6.5.7 (21 is an unbounded subset of Q2. Now on @)1 f1 increases,
and because of @)1 C () also fo, ..., fr increase. 0

COROLLARY 6.5.9. For every k,l we have

k

Vi 3%, i N in < it A Fe(in) < fuolingr). O
A<l k=1
For k = 2 (i.e. two sequences) this example has been treated in [11].
However, it is interesting to look at the general case, since then the brute
force search takes time O(n*), and we can hope that the program extracted
from the classical proof is better.

6.6. Notes

This chapter is based on [8]. Klaus Weich originally proposed the func-
tional algorithm computing the Fibonacci numbers. Monika Seisenberger
— apart from being a coauthor of [11] — and Felix Joachimski have con-
tributed a lot to the MINLOG system, particularly to the implementation of
the translation of classical proofs into constructive ones. We also benefitted
from helpful comments by Peter Selinger and Matteo Slanina, who presented
this material in a seminar in Stanford, in the fall of 2000.
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